T.Ilocmon, U.Cmioapm
TEOPUSA KATACTPO® U EE ITPUJIOKEHUSA

Mouorpadust COIEpKUT 0030p MO TEOpHsIM OCOOCHHOCTEH M Oudypkanuii u ux
IPUIOKEHUsAM. [IpuMepHO MOJOBMHA KHUTHM IMOCBSIIEHa MaTEMAaTHYECKOMY ammnapary
TEOPHUH, KOTOPBIA M3JIaraeTCs C CaMbIX a30B; HE INPEIIOJIAraroTCs M3BECTHBIMHU JAXKE
MpOCTEHIINe MOHSATUS TEOMETPUH MHOTooOpasuil W nuHeiHoW anrebprl. BTtopyro
IIOJIOBUHY 3aHMMAIOT IMPWIOKEHUS — K TEOPUU YNPYIOCTH, TEOPUH OCTOWYMBOCTHU
CYJIOB, OIITHKE, TEPMOJIMHAMUKE, TEOPUHU (PA30BBIX MEPEXOJ0B, THAPOJIUHAMUKE U T. [I.
Kuura paccunrtaHa Ha MaTEeMaTHKOB-TIPUKJIAJHUKOB, a TaKK€ HWHXKEHEPOB M APYIHX
CHELHAINCTOB, PA0OTAIOIINX B YKAa3aHHBIX 00acTAX 3HAHUS.

Coneprxanue
OT [IEPEBO/JYHKA 5
MNPEAMCIIOBHE K PYCCKOMY U3IAHUIO 9
I[MPEJUCJIOBUE 12
1. UBSMEHEHUS ITIOCTEINNEHHBIE 1 BHE3AIIHBIE 19
1 Karactpodsr 19
2 3uMaHOBa MallIMHa KaTacTpod 21
3 Kavanku 24
4 Teopwust KatacTpod 25
2. MHOI'OMEPHASA TEOMETPHUSA 28
1 TeopeTHKO-MHOKECTBEHHbIE 0003HAUYCHUS 29
2 DBKIUAOBBI IPOCTPAHCTBA 32
3 JluneiiHble mpeoOpazoBaHus 35
4 Matpuibl 38
5 KBagpaTtuunsie hopmbl 42
6 KyOuueckue popmbl OT IBYX MEPEMEHHBIX 46
7 'eoMeTpHst MHOTOWJIEHOB 53
3. MHOTI'OMEPHBIN AHAJIN3 57
1 PaccrosiHue B 3BKJIMJIOBOM ITPOCTPAHCTBE 57
2 IlpousBoaHas Kak KacaTelbHas 59
3 T'opuzoHTAIN 63
4 YacTtHbIC IPOU3BOJIHBIE 64
5 Beiciiue nmpou3BoHbIE 66
6 Psan Teiinopa 67
7 YceuenHas anredpa 72
8 Teopema 06 obpatHOM PyHKIIMH 73
9 Teopema 0 HEsIBHON (YHKIUU 74
4. KPUTHYECKHME TOYKHN U TPAHCBEPCAJIBHOCTb 76
1 Kputnueckue Touku 77
2 Jlemma Mopca 79
3 OyHKIUU OJHOW TEPEMEHHOMN 82
4 OyHKIMN HECKOJIBKUX MEPEMEHHBIX 85
5 Jlemma pacuiernieHust 87

6 CTpyKTypHasi yCTOHYUBOCTh 89



7 MHoroo6pasus

8 TpaHcBepCaIbHOCTD

9 TpancBepcaabHOCTh U YCTOMYHBOCTH

10 IToHsiTHE TpaHCBEPCAILHOCTH JUIsl OTOOpaKEHU I

11 Kopa3mepHocTb

5. CHOBA MAHIUHBI

1 Mammna 3umana

2 Kanonuueckas karactpoda cOopku

3 JIluHaMKKa MarIuHbl 3UMaHa

4 Kavanku

5 ITocranoBka o011eil MpoOIEMBbI

6. CTPYKTYPHASI YCTOMYUBOCTD

1 DKBUBaJIEHTHOCTH CEMEMNCTB

2 CTpyKTypHas yCTOWYMBOCTb CEMENCTB

3 ®uznueckas UHTEPIIPETALNS CTPYKTYPHON YCTONUYUBOCTH
4 Jlemma Mopca u temma pacuierieHus JJisi CEMENCTB
5 T'eomeTpus karacTpod

7. KIACCUOUKAIIMOHHASA TEOPEMA TOMA
1 ®yHkumm u cemeiicTBa QyHKIHNA

2 OnHOMapaMeTpUUYECKUE CEMECTBA

3 HetpaHcBepcalbHOCTh U CUMMETPUS

4 JIByxmapaMeTpUYECKUE CEMENCTBA

5 Tpex-, 4eTbIpeXx- U MATHIIAPAMETPUIECKHE CEMENCTBA
6 Bricie katacTpodbl

7 Teopema Toma

8. KOHEYHAS ONNPEAEJEHHOCTD U JE®OPMALIUAN
1 KoHneuHas ornpeneneHHOCTh U CUJIbHASI KOHEUHasl ONPEeIEHHOCTD
2 IIpocTpaHCcTBa CTPYH OT OJHOM NEPEMEHHOU

3 NH(duHMTE3UMaTbHBIE 3aMEHbI IEPEMEHHBIX

4 bonee ciabble yCI0BUS KOHEYHOH ONpeeIeHHOCTH

5 IlpeoOpa3oBaHus, CABUTAIONINE HAYAIO

6 Kacanue u TpaHCBEpCaIbHOCTh

7 KopasmepHocTh 1 gedopmMarim

8 TpaHCBEpCAIIBHOCTh U YHUBEPCAIBLHOCTD

9 CusbpHast 5KBUBAIICHTHOCTH JieopManuii

10 Yucna, accoMMpoBaHHbIE C OCOOCHHOCTSIMU

11 HexoTopsle HEpaBEeHCTBA

12 CBoaxa pe3yabTaToOB ¥ BBIYUCIUTEIBHBIX IPUEMOB
13 IIpuMepsl U BEIUKCIEHUS

14 HeoOxoaumMble 3aMe4aHus O TEPMUHOJIOTHH

9. TEOMETPUA CEMHU IIEPBbBIX KATACTPO®
1 O6BbeKThI U3ydeHust

2 Karactpoda ckiragku

3 Kartactpoda cOopku

92
93
97
100
101
103
103
107
113
117
120
121
121
124
126
128
130
132
133
134
142
145
150
157
161
164
165
167
172
179
182
184
189
198
201
203
205
207
216
222
225
225
227
228



4 Karactpoda JIacTOYKHHA XBOCTA

5 Karactpoda 6abouxu

6 DmunTuyeckas oMOUIuKa

7 'mmepbonuveckast OMOMINKa

8 [Tapabonuueckas omOUIMKa

9 JIuneliuaTeie MOBEPXHOCTH

10. OCTOMYUBOCTH CYJIOB

CTATUYECKOE PABHOBECHE

1 [InaByuecTh

2 PaBHOBecuHe

3 OcToiunBOCTb

4 CyaHo ¢ BepTUKAIbHBIMU OOpTaMU

5 T'eoMeTpust KpUBOW LIEHTPOB BETUYUHBI

6 MetaneHTpbl

®OPMbBI CYJIOB

7 DIAUOTUYECKOE CYIHO

8 [IpssMOyTOIBHOE CYTHO

9 TpexmepHblii caydaid

10 [TnaByuune OypoBbIe MIATHOPMBI

11 CpaBHeH#He ¢ OOUICTPUHSATHIM MTOAX0I0M

11. TEOMETPUSA XKUJIKOCTHU

ITPEJIBAPUTEJILHBIE CBEJIEHU S 3 MEXAHWKU XXUJKOCTEN

1 Yto MBI onMChIBaEM

2 OyHKIUHU TOKA

3 [Ipumeps! TeueHuit

4 3aBUXpPEHHOCTh

5 MeTroasl KOMIUIEKCHOW ITEPEMEHHON

YCTOMYMBOCTH Y SKCIIEPUMEHT

6 3amMeHbI IEPEMEHHBIX

7 DBpucTHYeCcKas mporpaMmma

8 DKcrepuMeHTaIbHOE BOTUIOIICHUE

PACYECBIBAHUE TTOJIMMEPHBIX MOJIEKYJI

9 HeHbIOTOHOBO NOBE/ICHNE

10 Pactarusaromniyue TeueHU

BBIPOXXJIEHHBIE TEUEHU A

11 IlecTuBankoBas MEILHULIA

12 HenokanpHOe OM(ypKalMOHHOE MHOKECTBO JIJIS SJUTMITHYECKON
OMOUTUKHU

13 [llecTuBankoBas MeIbHUIIA B pACTBOPE MOJIUMEPA

14 2n-BankoBast MEJIbHHUIA

12. OITUKA U TEOPUSA PACCESAHUSA

I'EOMETPUYECKAS OIITUKA

1 Kayctuku

2 Pagyra

230
232
235
240
243
248
251
251
251
252
252
253
255
256
258
258
261
266
270
272
278
278
278
280
284
284
286
288
288
290
291
294
294
296
299
299
305

303
312
314
315
315
321



3 BapuanmoHHble TPUHIUIIBI

4 Paccesinue

BOJIHOBA4 OIITUKA

5 ACUMNOTOTUYECKHE PEUICHUSI BOJTHOBBIX YPaBHEHUI
6 bricTpo ocuMIINPYIOIIKE HHTETPAJIbI

7 YHuBepcaibHble AedopMariu

8 [lopsinku KayCTHK

IMTPUJIOXXEHUMA

9 PaccesiHue Ha KpUCTAUIMYECKOM perieTKe

10 Ipyrue kaycTuku

11 Mupaxu

12 3ByKOBBIE yaapbl

13 I'uranTckue OKeaHCKHE BOJIHBI

13. YHIPYTUE KOHCTPYKIIUN

OBIIIAA TEOPUA

1 Tena nox Harpy3Koi

2 CocTosiHUS YIIPYTOro paBHOBECHS

3 HoBbie MOMEHTBHI, CBSI3aHHBIE C OECKOHEYHOMEPHOCTHIO
DUJIEPOBBI CTEPKHU

4 KoHeYHO-PJIEMEHTHBIN ITOAXO0

5 Knaccuueckuii (1744r.) BapualiuOHHBINA TOAXO0]T

6 AHann3 BO3MYLIEHUI

7 CoBpeMeHHbIH (YHKIMOHAIHHBIN aHAIN3

8 BrimyunBaHue npy>kKMHbI

9 [IpenBapuTENbHO BHITYYEHHBIN CTEPKEHD
I'EOMETPH ITPOILEJIKUBAHUA

10 YyBCTBUTEIBHOCTh K HECOBEPILIEHCTBY

11 (r,s)-ycToiunBOCTH

12 OnTumusanus

13 CumMmeTpust; CTep>KHU U 000JIOUKH
BBIITYYNBAHUE IIJIACTUH

14 YpaBuenusa Kapmana

15 edopmarust 1BOHHOTO COOCTBEHHOTO 3HAYCHHSI
JNHAMUKA

16 Msirkme MoIbI

17 XKectkocTh

14. TEPMOJINHAMMKA U ®A30BBIE ITEPEXO/IbI
YPABHEHUMA COCTOAHUA

1 YpaBHenue Ban nep Baanbca

2 ®eppomMarHeTusmM

TEPMOJNHAMUWYECKUE [TOTEHLIAJIBI

3 DHTponus

4 Tpancopmanuy NpuHIUIA MAKCUMYMa SHTPOIIUU
5 IIpeobpazoBanue Jlexxanapa

323
325
329
329
331
334
336
339
339
344
346
343
355
359
361
361
364
366
368
368
370
376
378
383
389
391
391
395
399
400
404
404
408
413
413
414
416
417
417
420
422
422
424
425



6 SIBHBIE NOTEHIINAIEI

7 Teopus Jlannay

OJIIOKTYALIMU 1 KPUTUYECKUE ITOKA3ATEJIN
8 Kitaccuueckue nokasarenu

9 Tononoruyeckue MONbITKA MOYNHUTH TEOPUIO
10 Ponp drokTyanmu

11 IIpocTpaHcTBEHHBIE Bapualuu

12 CraTuctuueckue CyMMmbl

13 I'pynna nepeHOpMHUPOBOK

14 CtpyKTypHasi yCTOWYUBOCTbh PEHOPMAJIA3ALNH
POJIb CUMMETPUN

15 Yetnsle hyHKIIUU

16 ®opMmbl BpaIaomuxcs 3B€3/1

17 Hapyuienust cuMMeTpun

18 TpukpuTHUYECKHE TOUKU

19 CumMmeTpun KpUCTaJIIOB

20 OcoOEeHHOCTH CTIEKTPOB

15. IABEPHASA ®U3UKA
IMPEABAPUTEJIbHBIE CBEAEHU A

1 Atombl

2 Tlone

3 B3zaumogmeiicTBue

4 Nzmepenus

KATACTPO®LI JIASEPA

5 ledopmarius raMuIbTOHHAHA

6 YpaBHEHUs IBUKECHUSA

7 [lpubnuxeHue cpeHero nos

8 I'paHnYHBIE YCIIOBUS

9 MHoroo0pa3ue HepaBHO3ECHBIX CTAI[MOHAPHBIX COCTOSTHUMN
OKCITEPUMEHTDI

10 JIazepHblii nepexon

11 Ontuueckas 6MCTaOUIBHOCTh

12 Pacnipenienenue pOTOOTBETOB
AHAJIMTUYECKOE COOTBETCTBHUE

13 PaBHOBECHBIE TPAaHUYHBIE YCIOBUS

14 MHuoroo0Opasue paBHOBECHS

15 TepmoanHamudeckuii pa3oBbIil Mepexo

16 Kputnueckoe noBeaeHue

17 Ananutudyeckoe COOTBETCTBUE MEX]Yy IKCIIEPUMEHTaMHU
18 IlepcieKTUBBI

16. BUOJIOI'UA U DKOJIOI'UA
PA3SMEPBLI COOBIIECTB ITYEJI

1 [TuenuHas SKOHOMHKA

2 [IpeumyiecTBa 00bEAUHEHHS

427
430
433
433
435
436
439
440
443
444
446
446
447
448
450
452
453
454
455
455
458
459
460
462
462
463
465
467
468
470
470
470
472
476
477
478
478
479
479
481
482
483
483
484



3 I'eomeTpust kKaTacTpodbl

485

4 IIpocTpaHCTBEHHBIE Bapualuu 487
5 YcnoxHeHus 488
KATACTPO®bBI C OTPAHUYEHUAMU 488
6 I'panmunbie 3 PexTr 488
7 Knaccudukanus 490
JABWXYHINECA BOJIHBI B OKOJIOT'MA 494
8 Be16op cornamieHuii 1 MoJienu 494
9 I'panuIrst 495
10 YucneHnHas npoBepka 498
11 Kak cTaOuin3upyroTcsi TpaHULlbl 501
12 Kak HaunHaetcs quddepeHnranms 502
OMBPUOJIOT A 505
13 TucddepenmpoBka KIeToK 505
14 Katactpods! nepexIroueHus 509
17. HIPOBJIEMbI COIMOJIOI'MYECKOI'O MOJAEJINPOBAHUA 514
1 Bri6op nepeMeHHBIX 514
2 Apxeonorusi ¥ BHE3aHble U3MEHEHUS 518
3 Karacrpodsr kak Mojgenu 519
4 TropeMHbIe OyHTHI 525
5 buctabuiIbHOCTh BOCIIPUSITHS 527
6 AJIKOT0JIb U UHTPOBEPTHI 529
7 3a mpeadaaMu 3JeMEHTApHOM TEOPHH KaTacTpod 532
18. TEOPUA KATACTPO®. UTO JAJIBIIE? 537
1 HeiHeminee cocrostHue 537
2 byayuee 540
JOITOJIHEHUME 1
J.P.OJICEH, C.P.KAPTEP 1 5.POKBVY . [IPOI'PAMMA JUJIA 543

IMPOBEPKU HA KOHEYHVY1O OINPEAEJIEHHOCTbD U

HAXOXEHUS TPAHCBEPCAJIBHBIX JEDOPMAILIMIA
JOITOJIHEHHUE 2
KATACTPO®bI B UNCJIEHHOM AHAJIM3E 555
[IYTEBOAUTEJIb I1O JIMTEPATYPE 558
JIMTEPATYPA I10 TEOPUU KATACTPO® 561
JIMTEPATYPA, 1OBABJIEHHAS ITPU IIEPEBO/IE 576
HUTUPOBAHHAS JIMTEPATYPA 579
VMEHHOH YKA3ATEJIb 589
[IPEJIMETHBIN YKA3ATEJIb 594

[IPEJMETHBIN YKA3ATEJIb

aKTUBHas nepeMeHHas 224 aHanutudeckas QyHKIus 68
anredpa JIu 456 aHAJIUTUYECKOE COOTBETCTBUE 479
anreOpanvyecKoe MHOKECTBO 53 Apnounbpna kinaccudukanus 160
QJITOPUTM IPUBEJIEHUS K acUMMETpUYHas Touka Oudypkranuu

pacuieruieHHoMy Buay 210 396



ACUMNTOTHYECKOE pa3zioxkeHue 331

- pewenue 330

Ayryctu mogaens 400, 401

aduHHOE TOATPOCTPAHCTBO 94

6abouka 152, 162

- nBOMcTBeHHAad 152

6aszuc 34

- CTaHJApTHBIN 36

O6anaxoBo MHOTOOOpaszue 364, 376

- mpocTpaHcTBo 272, 376

Oaccelin nmputsbxkeHus 408

Oe3BuxpeBoe TeueHue 286

bepnpeiitepa mkana 529

bepreno xxunkocts 428

OECKOHEYHOMEPHOE TTPOCTPAHCTBO 35

OMCTaOMIBHOCTH BOCTIPUSTHS 527

- nazepa 471

OuQypKaluy TOYka aCUMMETPpUYHAS
396

OoudypkanroHHoe MHOKecTBO 112, 226

- - nokanpHOEe 306

- - HenmokanbsHoe 306

- oudypramus 112, 130

- BTopu4Has 394

ommskoneiicteue 441

bonbiimMana nocrositauas 417

Bbopens Teopema 69

Opacier oMOMIHK 52

bpuutrosna ¢ynkums 422

OBICTPO OCHMJUTUPYIOIINN HHTETpall
331

- yosiBaet 330

B 00LIEM MOJI0XKEHUH 95

BaH/IEpBaAaIbCOBA KUAKOCTH 428

BOMIM3M 59, 591

Beticca mozenn 420

- ypaBHeHHe 420

BEKTOp 33

- nyanbHbIi 460

BEKTOPHOE MPOCTPAHCTBO 33

BEKTOp-cToJIoer 42

BEKTOP-CTpoKa 42

BepcanbHas aedopmarnus 194, 209

BepcasibHOCTH 209

BeTBJIEHUE pemeHuit 408

BEIIECTBEHHO-aHAIUTUIECKOE
cootBetcTBHE 480

Bursam 152, 162

BHEIIHSS niepeMeHHas 223

BHYTpEHHSs epeMenHas 193, 223

BO3MmyIieHue 192

BOCCTAHABJIMBAIOIINI MOMEHT 252

BTOpasi Ipou3BoHast 66

BbITyunBaHue 361

- Itactuyeckoe 360, 361

- ynpyroe 361

BBIPO’KJIEHHAs KBaapaTuyHas ¢popma 46

- KpuTHUecKas Touka 78, 79

- maTpuna 41

BBIPOXKJIEHHOCTH 37

- nBoMHax 152

BBIPOKJICHHBIA MHOTOWIEH 555

r.o. 246

lNanepkuna—Putia meton 383

raMuJIbTOHHAH 459

- ukke 461

rapMoHndeckas QyHKius 287

rapMoHu4Yeckui ocumsarop 414

rayccoBa HEMOABM)XHAs Touka 445

T'enpmromnena nmoreunuain 425

reccuas 67

I'n66¢ca cBoboaHas HEpTUs 427

- pynkuus 425

THIHOEPTOBO MPOCTPAHCTBO 298, 458

I'un30ypra kputepuii 444

runepbonnueckas omommmka 154

- - BTOpas 156

runoumukionaa 239

rucrepesuc 115

rJlaBHasi TUaroHaib 39

rnaakas GyHKus 67

rOpU30HTAIb 63

rpagueHt 99

- cpenbl 487

rpaJueHTHOE 0ToOpaxeHue 99

rpaIueHTHO-TI0100HBIH 507

TPaHUYHBIE YCIIOBUS HEPABHOBECHbIC
467



- - paBHOBECHBIE 467

rpy0as cucrema 126

rpymma 171

-JIn 171, 456

- IEpEHOPMUPOBOK 443

ryOsr 247, 353

I.B.T. 499

nBax bl nuddepenupyemas GyHKIUSA
66

JIBOMHAs BBIPOKIEHHOCTH 152

- cbopka 53, 400

JBOMHOE JydyenpenomieHue 297

- oTHOHIeHHE 158

IBOMcTBeHHas karacTpoda 163

- cbopka 117

JIBOSIKOBOTHYTOCTB 491

IByIsydenpenomieHue 297

nericreue 323, 326

JIEKapTOBO Mpou3BeaeHHE 29

nensTonna 239

nedexr 37

nedopmarus 121, 192, 193, 208, 360

- BepcaibHast 194, 209

- uHAyuupoBaHHasa 193, 209

- yHuBepcayibHas 194

IUHaMH4YecKas cucrema 276

munonust Kypuo 534

JTUPaKOBCKHE 0003HaueHUs 458

JTUCKPUMHUHAHT KBaIPATUIHON (POPMBI
46

- KyOnueckoro ypaBHeHus 107

JUCKPUMHMHAHTHBINA KOHYC 46, 137

Hutepuun KuakocTs 428

nuddeomoppuzm 73

- JIOKaJIbHBIN 74

muddepennupyemas GyHkius 61, 62

Qg depeHIpyeMocTb KycodHas 67

- n-kpatHas 67

Jonrauépa umncmno 203

noctaTtouHasi cTpys 87

JyalbHBIA BeKTOp 460

eIMHUYHas Matpuia 39

- cepa 53

xKenoba ckpelieHHbie 78

#Enob 78

KeEcCTKast 3aMeHa 267

xeécTkre Hayku 540

JKUJIKocTh Bepreno 428

- BaH a€p Baanbca 428

- Jlutepuum 428

- HIOTOHOBA 294

3aBUXPEHHOCTH 284

3amava 00 apke 390

3akoH uHepuuu CunbsBectpa 44

3aMeHa riajkas 73

- )k€cTKas 267

- nHUHUTE3NMaNbHAs 172

- koopauHat 38

- uHeWHas 48

- manas 168

3alleMJICHHBIN KoHell 382

3MMaHOB 3aKOH MapadoIndYecKou
ocra"oBku 501, 511

3MMaHOBa MamrmHa karactpod 21

uaeanbHas cucrema 192

N3uura monens 437

M30JIMpOBaHHas Touka 78

HHJIEKC 0coOeHHOCTH 338

uHAyIpoBaHHas aedopmaryst 193,
209

nH(pUHUTE3UMaIbHas 3ameHa 172

nHpopmanus 539

KapMmaH 234, 556

kapTta 93

KacaTeJIbHOe MpocTpaHcTBO 183

KacrnouiHas katactpoda 161

kacrouibl 150

katactpoda 20

- BTOpOI THNEpO0INUECKON OMOMIMKI
156

- runepoonmyeckoit omomuku 154

- nBoMicTBeHHasa 163

- TBOMCTBEHHOU cOOpKU 148

- KacrrouaHas 161

- Hepaciuerisiemas 367

- 00001menHas 21

- mapabonmueckoit oMok 156

- mepexiroyeHus 513



- Pumana—I roronmno 348, 428

- c orpannueHusiMu 15, 398, 449, 482,
489

- coopku 106, 107, 148, 161

- ckiaaku 142, 161

- ycnoBHas 388

- SKBUBapuaHTHas 346, 537

- anieMeHTapHas 12, 21, 163

- SITUNTHYECKON oMOunuku 154

KaracTpopudeckuit mpeokok 115

- ckayok 115

Kayctuka 315

Kauasnka 24

KBazgpatuyHas ¢opma 42

- - BBIpOXKJIeHHas 46

kBaapusHii 350

KBaapuka 42

KBa3ukJiaccuka 339

KkBaszucraruka 113

KBapTuka 155

kiacc Cr 67

knaccudukanus Apaoiasaa 160, 161

KkmoB 247, 257, 264

KJIIOB-K-KITIIOBY 247, 353

kobasuc 35

Kokcrepa uncno 203

KoMma 328

KOMMYTAaIlMOHHBIE COOTHOIIEHUS 457

KoMmrmo3urus 31

KOMIIOHEHTa 32

KOHEUYHO-oIpeeeHHas GyHKuus 87,
166

KOHCEpBATUBHOCTH 413

KoHyc Maxa 348

KoopauHarta 32, 93

KopasmepHocTb 35, 102, 187, 223, 543

- npaBo-neBas 203

- pyskuu B Hyne 189, 208

Kopanr 46, 89

KOPHEBOE MHOXKECTBO 47

Koppessus 439

KpUBas METAlEHTPOB 257

- cbopok 153, 231

- ckimamok 112

- cocyliecTBoBaHus 434

- CTaTUYECKON OCTOMYMBOCTH 272
- IICHTPOB BEJIUYUHBI 254
KpUBOJIMHEHHBIE KOOPAUHATHI 93
KpuThueckas Harpyska 392

- obnacth 444

- onanecueHuus 437

- Touka 76, 77, 416

- - BBIpoxKJieHHas 78, 79

- - HEBBIPOXKJCHHAs 78

KpUTHYECKHI mokazarens 422, 435, 439

KPUTHYECKOE 3HaueHue 77
KyOuka 47

KyOuueckas popma 47
Kypno qunonus 534

KycouHas quddepeHnupyemMocts 67

Kynstra skcniepument 291

Kropu Touka 421

JIarpaHKeB MHOXUTENb 424

JarpaHXeBo MHOTooOpasue 332

nazep 455

- Tomnicona 493

Jlangay teopus 430

JlamxeBeHa ¢yHkuus 422

narutacuas 285

JjacToykuH xBocT 150, 161, 353

Jlexanapa npeoOpazoBanue 426

nemma Mopca 76, 80

- - U1 cemeiicts 129

- Hakasimbl 178

- pacmerienus 14, 76, 87

- - 019 ceMelcTB 128

JUHENHas 3aBUCUMOCTH 34

- 3aMeHa 48

- koMOuHarus 34

- HE3aBUCUMOCTH 34

JIMHEHHoe npeoOpa3oBaHue
(otoOpaxkenue) 35

- npuOmmxenue 57

- - Haunmyuiee 60

nuHus TokKa 280

JUIIHUAN mapameTp 224

JIOKaJIbHasl CUCTEMa KoopauHaT 93

- k-onpenenennocts 181



JIOKanbHO 59

MakpococTosHue 423

Makcsesta npaBuiio 418

- npuHumn 427—428

- ctpar 306

MakcumyMm 78

mastast pyHKus 89

Manbrpanxa noJaroToBUTeNbHas
Teopema 189

Matpuna 38

- BBIpOXAeHHas 41

-T'ecce 67,78

- equHAYHASA 39

- KBaApaTu4HOi hopMbI 43

- HeBBIpOXKIeHHAs 41

- HyJieBas 39

- obparHas 41

- pazmepa m*n 38

- cUMMeTpuyHas 43

- TPaHCIIOHUpPOBaHHAas 42

Maxa xonyc 348

MaruHa karactpod 21

MeJbHUIIA JBYXBaJIKoBas 294

- yeThIpexBaJikoBas 293

- mecruBangkoBas 299

- BajJKoBasd, 2n, 312

MeTacTabuIbHOE cocTosiHUE 433

MeTareHTp 256

MeTalleHTpuieckas BeicoTa 257

METAaIEHTPOB KpuBas 257

meroa BKB 333

- cedeHmit 53

- CTaTH4ecKoro Bo3MyieHus 377

- cTaroHapHo# ¢asel 333

MUKpococTosHuE 423

MUHUMYM 78

MHOTO000pa3ue 92

- karactpodsr 109, 226

- paBHOBecust 365

MHOTO4JIEH 53

- BBIPOXKJICHHBIN 555

MHO€ECTBO 28

- Makcseinna 306

- coequuenus cénen 307

MoO/Jia BbilyunuBanus 367, 373

- konebanuu 413

Mozens Ayryctu 400, 401

- TEHETUYEeCKOro nepekinoueHus 506

- U3unra 437

MozayJib 161

Mopca nemma 76, 80, 129

MOPCOBCKasi KpUTHYECKasi Touka 76

- oco0eHHOCTh 161

- Gynkmus 90

MopcoBckoe 1-cemo 81

MYJIbTUCTAOUIBLHOCTD 527

Msrkas moga 414, 437

HaOmonaemas 461

Hakauka 467

Hakasimbr temma 178

Hayaso 33

HEBBIPOXKJICHHAs! KPUTHYECKas TOUKa 78

- - (hopma cemeiicTBa 161

- matpuna 41

HEBBIPOXKJIEHHOE 0TOOpakeHue 37

HeKpHuTHYECcKas o6yacThb 451

- ¢popma cemeiictBa 161

HeJloKalbHOe On(ypKaIlOHHOE
MHOkecTBO 306

Hemas nepemenHas 195

HeMoil mapameTp 162, 224

HeonpeaeneHHas Gopma 197

HenpepbIBHasE QyHKIMS 58

HenpepsIBHO AuQdepeHuupyemas
(byHKuuA 66

Hepacuierusiemast karactpoda 367

HeC)KMMaeMoe TeueHue 282

HecoBepineHcTBo 192, 395

HecylecTBeHHas nepeMenHas 130, 224

Hedpounma 317

HesiBHOE nuddepenumpoBanue 75

HopmMma 57, 379

HOpMaJM3aluoHHas rpymnna 443

HOpMasu3oBaHHas Gpopma ctpyu 211

HOpMaJIbHBIN (akTop 529

HBIOTOHOBA XUAKOCTH 294

o0e3bsiHbe ceio 78

o0ractb 3HaueHuut 30



- onpenenenus 30
00001eHHas katactpoda 21
- nmpousBoaHas 380
0000111eHHbIE KOOPANHATHI 93
obpa3z 30

obOpatumoe otobpaxkenue 37
oOpartHas Matpuna 41

- QyHkmwms 32

obpaTtHoe oToOpakenue 37
oOmiee monoxenue 95
obbenuHenue 29
orpaHuyeHue 32
OJIHOBpeMeHHbIe MOIbI 403
OJIHOIIapaMeTpuieckoe cemencTso 134
OJHOUJIEH 53

oxugaemoe 3Hauenue 461
OKpeCcTHOCTh 58—159
oMOmnuka 154, 162

- BeIcmias 157

- runiepoonnueckas 154, 353
- KoHu4eckas 157

- mapabonuueckas 156

- cuMBoJn4deckas 157

- symanTHdeckas 154, 353
omera-B3pbiB 535

Omncarepa cooTHouleHus 416
onepatop Jlamnaca 285

- INIOTHOCTH 462

- - IpUBEICHHBIN 466

- poxxaenus 458

- YHUUTOXKEHUS 458

- yucia (oToHOB 458
onpeaenéHHOCTh KOHeYHast 166
onpeaenauTens 42

opbuta 171

- morpy>xeHHas 174

ocobast Touka 226
0COOCHHOCTH 226

0c000€ MHOKECTBO 226

- oTroOpakeHue 93
OCTOMYMBOCTH 252, 259
ocTpoe pedpo 238
OTKPBITHIN 11ap 58
otobopakerue 30

- katactpodsr 109, 110, 226

1.0. 246

napabonuyeckast omOunuka 156

- ocraHoBka 501, 511

napametp 93

- nepopmanuu 223

- KOHCTpYKIMH 388

- IMIHUN 224

- Harpy3ku 388

- HeMoM 162, 224

- HecoBepieHcTra 392

- mopsiika 468

- ynpasisomui 115

napameTpuzanus 93, 102

napametrpusoBaHHas kpusas 100

MacCUBHas nepeMeHHas 224

nepeBoauT 30

nepemenHas 31

- akTHBHas 224

- BHeIIHssA 223

- BHyTpeHHsis 193, 223

- nepopmanuu 193

- Hemas 195

- HecyectBeHHas 130, 224

- maccuBHas 224

- noBenenud 115

- coctostHuA 115

- cymectBeHHas 130

- ynpasiyeHus 115

nepeHopMUpoBKa 443

nepeceueHue 29

- TpaHCcBepcalbHOE 94

[upcu pynkums 337

IJIEY0 BOCCTAHABJIMBAIOIIETO MOMEHTA
252

- CTaTMYECKOM ocToitunBocTH 252

noseqeHue 223

noBejicHYecKas nepeMenHas 115, 223

oBepxHOCTh paBHOBecus 109, 365

MOATOTOBUTENbHAS TeOpeMa
Manbrpansxka 189

noakaractpoda 247

MOJIKpEIUIeHHas rmaacTuHa 399

nogmMHorooOpasue B R”n 92



IIOIMHOKECTBO 29

MOAMPOCTPAHCTBO 33

- appunrHOEC 94

MOKa3aTeNb YyBCTBUTEIILHOCTH K
HECOBepUIEHCTBY 392

nolMHOMHAaNbHas QyHKIUS 48

MOJIMTHOMUAJILHOE BhIpaKeHue 48

nonyanredpandyeckoe MHOXKECTBO 53

nopoxmaaer 34

NOPsIIOK KaycTHKU 334

- pyHkuuu B Hyne 61, 70

MOTOK 00OpaTHOM cBsizU 525

- - —OBICTpBI 525

- - —MeQJIeHHBIH 525

noutu Bce 441

npaBasi SKBUBAJIEHTHOCTb 84—385

MpaBuJjIo MapasuiesorpamMmma 33

- paBHBIX TuIOIIaAeH 418

npesenbHbIN noKa3aTenb 393

NpuBeCHUE 10 cTpokam 40

npuHuun Makcesna 427—428

- MaKCUMAaJIbHOTO TipomeieHus 114,
413

- MaKkCUMyMa 3HTponuu 425

- HAaUMEHbLIEeTo BpeMeHu 315

- - nelictBusa 323

- OJTHOBpEMEHHBIX MO 399

- ®epma — ["amunbToHa 315

IIPOU3BE/IEHUE AEKapTOBO 29

- ckaysipHoe 378

- TeH30pHoe 459

npousBoaHas 61, 62

- BTOpas 66

- 00061mennas 380

- yacTHas 64

- caBur 284

IPOCTPAHCTBO OECKOHEYHOMEPHOE 35

- BeKTOpHOE 33

- runbOepToBO 298, 458

- neopmanum 193, 223

- kacarenbpHOe 183

- moBeaeHud 223

- cocTtosgHui 223, 226

- ctpyu 167

- ynpasieHus 223, 226

- ®oka 458

- ®peme 379

- DBKJIUIOBO 32

nporecc npuseaeHus JisamyHnosa —
Imunra 366

npouénkuanue 387, 392

npeikok 115

IIyCTO€ MHOXECTBO 29

paBHOBECHas KpuBas 364

- IOBEPXHOCTbH 365

paBHOBECHBIN IyTh 364

paanyc KpuBU3HBI 264

pa3MepHOCTh 35

- BHemHA 223

- nepopmanuu 193, 223, 226

- MHOroOOpazus 93

- ynpaBiieHus 223

paHr KBajpaTU4HOH Gopmsl 44

- otroOpaxkenus 37

paccrostHue 57

pacxonsuucs psag S8

pacxoxaenue 116

pacuecbiBanue 296

pacmersttonmii hakrop 529

pecradbunm3anus 387

poctok 140, 174, 379

porop 99

psn pacxopsmuiics 58

- cxomAmmucy 58

- Teitnopa 67, 70

caMOJIBOMCTBEHHOCTH 154, 157

- caMonepecedeHust kpusast 232

coopka 106, 107, 148, 150, 161, 229,
479

- nBoriHas 53, 400

- nBoiictBenHas 117, 148

- Yurau 107

coopku Touka 109

cOopok kpuBas (nuHus) 153, 231, 232

cBoOOaHAS onEPTOCTh 368, 405

- SHTanbIug 425

cBs3b 434

CIBUT MpocTou 284



- 4uCThIN 284

capuraromuyi wieH 84, 118, 121

cemyo 78

- 00e3bsiHbe 78

- oqHOCTOpOHHEE 489

CEeMENCTBO oAHOMapaMeTrpudeckoe 134

cepus A 150

ceyeHue 53

curnarypa 44

CunbBecTpa 3aK0H nHepuuu 44

CWJIbHAsl SKBUBAJIEHTHOCTh
nedopmarnuii 202

- k-onpenenennocts 166

cuMBoa Kponekepa 473

CUMMeTpUYHas matpuua 43

CUHTYJISIpHOE OTOoOpakeHue 93

Cupcwmbl puem 213

- nuarpamma 218

CUCTEMa KOOpJMHAT JIOKanbHas 93

- CO CBA3AMHU 75

CKaJIsipHOE npou3BeaeHue 378

ckadok 115,435

cknagka 142, 161, 229

CKJIagK! TOouka 228

ckJasok kpusas (nuHus) 109, 112

- mOBepXHOCTh 231, 232

CKOPOCTb IIOCTOSIHHOTO PACTSKEHUS
298

CKpEIlIeHHbIE Xkenoba 78

coOcTBeHHOE cocTosiHue 461

conepxxur(cs) 29

cootHomeHust OHcarepa 416

COCTaBHas TOYKA BbIyunBaHus 412

cocTosiHue 223

cocyllecTBOBaHus KpuBas 434

coxpanenue 281

CIIOHTAHHOE HapyILlIEHUE CUMMETPUU
449

cranmapTHas nedopmanus 226

CTaHJapTHBIN Oa3uc 36

craTuctudeckas cymma 440

cTaTudyeckoe Bo3MmyuieHue 377

cTanmoHapHoe aeicteue 323

- pemenue 329

- TeueHue 281

CTEeTNeHb aCUMIITOTHYECKOTO
paznoxenus 331

- MHOTOYJIeHa 53

- Herpyooctu 6

- ynopsiaoueHHocTH 431

CTepxeHb 368

- 3amenadabil 371

cTonber 38

cTpaHHbIN arTpakTop 306, 535

ctpat Makcsemna 306

crparudukamnms 191

CTporue ucTouHuku 164

cTpoka 38

CTPYKTypHasi yCTOMYMBOCTh 12, 126,
127

- - cemeiicTB 124

- - ¢pynkuuu 90

ctpys 70, 71

- noctatouHas 87

ctynenyaras popma 40

cyxenue 32

CYNEpHO3ULMs COCTOSHUN 456

cyuiecTBeHHas nepemenHas 130, 224

cxJyionbiBanue 389

cxoasmmncs pan 58

Tein 71

TEWJIOpOBCKas anmnpokcumaius 394

TEH30pHOE Mpou3BeaeHue 459

TeopeMa nenenus 189

- 0 HesiBHOM (pyHkumu 74, 75

- 00 oOpatHoit pynkuuu 74

Teopust karactpod 12, 20, 25

- ocobennocrei 10

TEPMOJIMHAMUYECKUHN TTOTeHITHAT 425

TeueHue 0e3BuxpeBoe 286

- HeCkumaemoe 282

- IOCTOSTHHO pacTsAruBatoiee 297

- pactaruBaroiiee 296

- ctanpoHapHoe 281

tun4yHocTh 91, 95, 133

TOKJECTBEHHOE ITpeoOpazoBanue 39

Toma nporpamma 397

- Teopema 13, 161



- - 0 TpaHcBepcaabHOCTH 96, 99

- - 00 uzotomnuu 98

Tommncona nazep 493

ToukKa 29

- neperuba 78

- TopMoxkeHus 278, 283

TouHbIN U depentman 99
TpaHcBepcanbHOCTh 93, 94, 100
Tpancekra 500
TPaHCIIOHUPOBAHHAS MaTpuLa 42
TpuBuii 350

TpUKpUTHUYECKast Touka 386, 444
TpoliHoe BbIpoXkaAeHuE 150
yrioBas ¢pokycupoBka 326
yaapHast BosiHa 349

VYutnu cbopka 107
yJIbTpacuiIbHas ONPEEIEHHOCTD 451
YMHOXEHHUE Ha cKajsip 32
yHUBepcanbpHas aedopmanus 194, 209
YHUBEPCAIbHOCTH 143
ynopsiioueHHas napa 29
ynopsiioueHHbId Habop 30
ynpasiieHue 223

yrpasistomas nepemensas 115, 223
yIpasistomui napamerp 115
ynpyras sHeprus 362

ynpyrocts 361

ypaBHeHue BaH 1€p Baanbsca 417
- - mpuBesieHHOE 418

- ['etizentepra 463

- Ayddunra 532

- lIpénunrepa 459

ypaBHenus Kapmana 404—405

- peakuuu-auddysuu 506

yc 232

yceuenue 72, 183

ycnoBHas karactpoda 388
ycToitunBocTh 98, 182

daza 330

¢dazoBoe nmpocTpaHcTBO 326
(a3oBsIii epexo BToporo poaa 431
- - mepBoro poaa 429, 431
®epma npuHuun 315

daar 230

dmoxTyarms 438

(hokanbHas moBepxHOCTh 270

doxyc 327

(dhopma kBagpaTudHas 42

- KyOunueckas 47

- HeonpeaeneHHas 197

(dbopmaneHbIi cTerneHHo# psg 70

®pemie npocTpadHcTBo 379

¢dbynakmmonan 363, 364

(yHKUIMOHANBHBIN aHanu3 363

¢bynkius 30, 364

- aHaIIUTHYECKas 68

- rapMoHuyeckas 287

- ragkas 67

- mBaxxabl quddepeHuupyemas 66

- mupdepenmupyemas 61, 62

- KOHEYHO-ompeaeneHHas 87

- MopcoBckas 90

- HerpepbIBHAs 58

- HeripepbIBHO quddepeHnupyemas 66

- HECKOJIbKUX TIEpeMEeHHBIX 31

- obparHas 32

- mopsinka k 70

- ToKa 281

¢byHKIMA-TpagueHT 99

xaoc 534

xBoct 69, 71

LIEHTP BEJIUYUHBI 252

- KpUBH3HBI 264

neHtpoun 251

LIeTHOE TIpaBuiIo 63

YyacTHas Mpou3BoJIHAs 64

YUCJICHHbIE UHBAPUAHTHI OCOOEHHOCTEMN
203

yucio [Jonrauésa 203

- Kokcrepa 203

- onpezenenHoctu 166, 203, 204

- CWJIBbHOM omnpeaeneHHocTu 204

yucToe BpalleHue 284

- cocrosinue 463

YHUCTBIA caBur 284, 286

YJIeH, HapylIaoumil cummerputo 449

YyBCTBUTEIBLHOCThH K HECOBEPIICHCTBY

392



gy AeCHBIA pUHIUT (hadToHa 399

niap OTKPBITHIN 58

mieBesaeHue 97

meryox 399

3.0. 246

3BKJIMJIOBO IPOCTPAHCTBO 32

’BoiroTa 117

Oupu audpakmoHHbIe 0J0Ck 336

- ynkmus 336

9KBHBAJIEHTHOCTh ACUMITOTHYECKUX
pewenuii 330

- rmankux GyHKIuN BOMM3u Hynsa 84

- neopmanmii cubHast 202, 209

- npaBas 84—~85

- cemeiict 123

- YHUBEpPCAJIbHBIX cemMeicTB 140

SKBUBapuaHTHas karactpoda 346, 537

3JIEMEHT MHOXKeCTBA 29

aneMeHTapHas karactpoda 12, 21, 163

- Teopus karactpod 10, 21

SJIJIANTUYECKas omonnka 154, 156
- - BTOpas 156

SHTANBIUSA 425

sHTponus 423

saunmkionaa 317

3pProUYHOCTh 344, 413

sinpo 37

sskoOuaH 74

sskooueB uaean 183

j-unBapuant 160
k-onpenenénnocts 166, 207

- 1okanpHas 181, 207

- cunbHag 166, 207

k-ctpys 70, 71

n-xa 30

r-nedopmarnms 193
r-napameTpuyeckoe ceMencTro 133
(r,s)-ycroituuBocts 395, 398
(r,5)-PKBHUBaNIEHTHOCTH 396



OT NMEPEBOAYUMKA

Xopollo H3BeCTHO, YTO B HAYKY HeT 1apCKOH AOPOrH, HO KHHTH,
BBOJsILYE B IpeaMeT, MOTYT ObITb XOPOLIMMH U ILJIOXHMH.
Ilepen unrateneM JexHT Ge3ycJOBHO Xopollas KHura. [laxe
GoJibllle — KHMra, HalmHcaHHas ¢ BJOXHOBeHHeM. ToJbKO mo-
3TOMY aBTOPbI C BUAUMOH JIETKOCTBIO CYMEJNH CIPaBHTLCS Cpasy
C HECKOJIBKMMH 33JauaMH, KaxkAasi H3 KOTOpbIX MorJa Obl mo-
TpeSoBaThb OTAe/bHOH KHHUTH.

B nepBbIX rsiaBax OHH JEMOHCTPHPYIOT, KaKHM JOJIKHO
6bIThb cOBpeMEeHHOe TeOMETPH3HPOBaHHOe IMpeNoJlaBaHUe aHa-
JIH3a, H 3TH TJ1aBbl XOYeTcsi peKOMeHJ0BaTh BCeM TeM, KTO Ay-
MaeT ceduac o npobseMax NpenojaBaHUs MaTeMaTHKH. B no-
cJlelyICLIHX TJlaBaX NMepBOH NOJOBHHBI KHHTH JaeTcs Macrep-
CKOe H3JIOKCHHEe MaTeMaTHYeCKHX OCHOB TEOpHH OcOGeHHOCTeH
rnajkux ¢QyHkuuil. Ero ¢ nonbsoi ansa cebs npouTyT H HOBHU-
KM H cllelHaJIHCThl. BTopasd mosoBHHA KHHTH NOCBAILEHA TPH-
JIOXKEHHAM — 3TO OJleCTAIHUE NpHMep HayYHO-MOMY/AsIpHOH JH-
TepaTyphl AJs1 ydyeHbiX. (IIpediecTByromiHe cTaThi amnosorera
TeOpPHH KaracTpod aHrauiickoro MartemaTHka 2. K. 3umana
OTHOCSITCSl CKOpee K KaHPY Hay4HO-(haHTacTHYeCKOH JIHTepaTy-
pbl AJs1 y4eHbIX.) ABTOPBHI CONPOBOXKIAIOT H3J0XKEHHE MHOTO-
YHCJIEHHBIMH OCTPOYMHBIMH H CePbe3HLIMH 3aMeUaHHsIMH O Xa-
paKTepe NPHK/JI3JHOH MaTeMaTHKH BOOOLle, KOTOphle 3BydaT
oueHb 3Ji060AHeBHO. HakoHel, noJjieMuueckas Lelb KHUTH —
3alllUTa HOBOrO HalPaBJeHHs OT 0XKeCTOUEHHOH NPSIMOH U CKpBI-
TOH KPHTHKH, a TaKxKe OT IPUMHTHBHOTO NOHHMAaHHS — JOCTH-
raeTcss HMH c OOJBIIHM TaKTOM H MaKCHMaJbHOH HaydyHOMH
J106pOCOBECTHOCTDIO.

B ssemeHTapHOl TeopuH KartacTpod, KOTOPOH MOCBsilieHa
KHHTA, paccMaTpHBaeTcs (B MOJYYMBIIEH LIMPOKOE pacrpo-
CTpaHeHHe cXeMe) cielyoouiasi cuTyanus. Fmeercs gusnueckas
cHcTema, OBICTPO MHHHMH3HPYIOIIAs MOTEHLHaJ, KOTOpbIH
MeHsieTcs: B 3aBHCHMOCTH OT BHEHIHHX HJH YOPaBJIAIMMX
napaMerpoB (MHHHMH3ALHs JIOKAaJbHAs); HEKOTOpHE JOKaJb-
Hble MHHHMYMBI [IDH H3MeHEHHH ITapaMeTpOB MOTYT ,HCYe3aTs",
CkaukH, HabJjiofaoliHecs] IPH TaKHX HCUE3HOBEHHAX, H JalH
NOBOJA AJ/151 Ha3BaHHs TeopHH. IIpH 3ToM GoJbLIOH NMPOCTOp HO-
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OT NEPEBOJUYMKA

Jy4yaeT reoMeTpHuecKasi HHTYUILHS, MOAKpeMNJeHHas pasHoob-
pa3sHbIMH KapTHHKAaMH, KOTOPbIE MOXKHO PHCOBATb, KOrJla YHCJIO
NapaMeTPoB He MPEBOCXOAHT TpeX,— r/aBHbIM 00pasoM 3TO
MHOXKECTBA TeX 3HaUeHHH MapaMeTpoOB, MPH KOTOPHIX MPOHCXO-
ST cKaukd (ecu MmapameTpoB 0oJbllle, MOXKHO pHCOBaThb ce-
yeHHs).

B nonosHeHde K 3TOMy reoMeTpHYeCKOMY MOAXOLY aBTODHI
MORYEPKHBAIOT aHANHTHYECKHH NOAXOM, CTPOSl CBOE H3JIONKEeHHe
OCHOB TEOPHH KaK ecTecTBeHHOe Pa3BHTHe KJIACCHUECKOro aHa:
J113a B ero coOCTBEHHBIX DaMKaX, CBA3aHHOE C [IOUCKOM OTBETa
Ha Ba Bonpoca. Bo-nepsnix, Kakue muorousienst Tefisiopa onpe-
JesAIT PYHKUHIO ¢ TOYHOCTHIO 0 AMdpdepeHLHpyeMOld 3aMeHb!
KoopAHHAT? Bo-BTOpBIX, ec/M mHOrowieH oOJagaeT TaKHM
CBOHCTBOM, TO CKOJIbKO HYKHO B3Tb MapaMeTPOB €ro JoKaJb-
Holl Jedopmauuu® (M Kak ee NOCTPOHTB), uTOOHI JH06Oe KOHEY:
HOMEepHOe ceMmefcTBO TJafKMX (YHKIM{, conepxailee 3TOT
MHOTOUJIeH, MOrJIO ObIThb NOJYYeHO H3 3TOH | YHHBepcasbHOH"
nedopMalliy ¢ MOMOLIBIO HalJlexKallel 10KaJabHOIT 3aMeHbl Koop-
auHat? OKa3a/0ch, YTO MpH YHC/Ie TaPAMETPOB, MEHbBIIEM MSTH,
yaaeTcs MOCTPOHTb HeGOMBIIOH CMHCOK MHOTOWIEHOB ( CeMb
katactpod Toma®). K KOTOPBIM MPHBOMUTCA JIOKAJBHBIMH 3aMe-
HaMH C OKDECTHOCTH Hauasia IOYTH Jiobas“ GYHKUHS CO CBO-
HMH JedbopMalHaMH. 3TOT CIHCOK He3aBHCHMO Oblal [OJydeH
B. W. ApHonbaoM, KoTopblii pasBHJ/l ero Teliepb B LIHPOKYIO
KJ1acCHdHKALHIO.

BJuaronapst sHeprHYHbIM H HACTOHUHBEIM YCHJAHSAM (paHIys-
ckoro TomnoJsiora Pens Toma 06a yKasaHHBIX MOAXOAA CJAHJIHCH
B H3ALIHON M HETPHBHAJBHOH MaTeMaTHKe, pPa3BHTOH MHOTHMH
MaTeMaTHKaMH, B NEpBYI0 odepeib Masnbrpanxem, Mesepo,
ApHonbaoM, npHueM B paGoTax NOC/ENHero YCTAHOBJIGHBL IJ1Y-
GoKHe CBA3H TEOPHH ¢ APYrUMH obacTamu MaTeMaTHKH. ABTO-
pbl LeJaloT HeOOXONUMble HCTODHYECKHe 3aMeuaHHsi, HO, MO-
*eT ObiTh, HesHIIHE GYNeT YMOMSIHYTb Y:Ke 31eCh, YTO OCHOB-
Hble HAeH, CIJIaBOM KOTOPBIX OKasajach TeOpHs KartacTpod,
GepyT Hayasto B paboTax X. YHTHH MO KaHOHHYecKMM dopmam
ocoOeHHOcTeH r/afKHX oToOpameHHH ¥ B paboTax IKOJbE
A. A. AunpoHoBa, rie H3y4aJIUCh CTeNeHH HerpybocTH (T. e, Ko-
pa3MepHOCTH) AMHAMHYECKOH CHCTeMBbl, 4TO MOHSITHE YHWBep-
casibHOl fedopMauly nosiBUJIOCH B anrebpandyecKoll reoMeTpuH
(A. TCpoTeHIHK) ¥ UTO BcS TEOPHs B CYLIHOCTH — JaslekKo Npo-
JBHHYTan TJiaBa oOllell TeopHH AHHaMHUECKHX CHCTeM, KOTo-
PO MHTEHCHBHO 3aHHMAIOTCS1 B MOCJeIHHe AECATHJIETHS.

nsa camoro Toma TeopHsi katacTpod, Kak OHa OpelcraB-
JIeHa B 3TOH KHHTe, SBJSETCS JMILb cJy4adHbIM NDOAYKTOM pas-



BHTHsI MaTeMaTHKU. ToM MOCTaBUJ 3aJayy CO3JaHHsl HA OCHOBE
ofllell TeOPHH AUHAMHUYECKHX CHCTEM A3biKa (hOpM, TIPUTOJHOTO
JJIsi MaTeMaTH3aUUH GHOJIOTHH, a 3a Hell W Apyrux obJsacrei
HAYKH, TPAJUIUOHHO JaJeKUX OT MaTeMaTHKH. IToHATb TyMaH-
Ho-(UJI0COpCKHE BbICKa3blBaHHS ToMa JOBOMLHO TPYAHO, HO
NPUMEPHO peyb HAET O IOCTPOEHHH JAHHAMHYECKHX CHCTEM C
HepapxHuyeckoil opranusatueit, obecrneuHpaolleil yCTONYHBOCTD,
B3auMoJeHcTBUE co cpelod U 3Bomouno. Ecnu 661 yianocs no-
CTPOHTh KOHEUHOe YHCJO (MK 0003pHMbIH OecKOHeYHHIH Ha-
60p) TaKHX ,3/1eMeHTapHBIX" CHCTEM, H3 KOTOPHIX MOXKHO GbLIO
6bl 110 ONpeleJieHHbIM 32KOHAM CTPOHTb 6oJiee CJOKHbIE CHCTe-
Mbl M OIHCHIBATb Mepexoibl MexAy HHMH (, KaTacTpoder“), TO
6blJ1 Obl CO3/]aH MOLIHEIH MeTOJ| aHaJ/IH3a caMblX Pa3HOOOpa3HbIX
sIBJ1eHHH NpHpoAbl (pa3sBHTHe 3MOPHOHA, YeJOBeYeCKHH f3BHIK,
¢opma obsiakoB u np.). K coxkanenuio, maTeMaTHKa AHHAMHUe-
CKHX CHCTEM OKasaJjlach, MO-BHAHMOMY, CJHIIKOM CJIOXKHOH s
peanusanvu 3ToH HieH... OT IPaHAMO3HOTO 3aMbICJa OCTaNlach
3/eMeHTapHasi TeopHsl KaTacTpod — Ta, O KOTOPOH HAET pedb
B 3TOH KHHUl'€ H T'E€POHYECKYIO MNMONBITKY IPHJIOXHTL KOTOPYVIO
B GHOJIOTHH H COHHAJbHLIX HayKax B Ayxe Toma NpeAnpHHSI
. K. 3uMaH (eMy KHHra IIOCBsIIEHA).

Cienyer ykasaTb, UTO nporpaMma Toma, KaK U MaTeMaTHye-
CKOe pa3BHTHe TEOPHH ceMHHApoM ApHO/bJA, MOJHOCTBIO OKa-
3aJIMCh 32 paMKaMH KHHTH. ABTOPLI COCPE0TAaYHBAIOT CBOE BHH-
MaHHE B OCHOBHOM Ha NpPHWJIOXEHHUSX K (H3HKe, OTKyJa OHH
¢ GoJIbLIOH JIErKOCThIO HU3BJEKalOT COOPKH U CKJAaAKH, 6abouKkH
H OMOMWJIMKH, 6e3 ycTajH NoA4epKHBasi €CTeCTBEHHOCTb H HEH3-
OeXKHOCTb HX IOSIBJIEHUS, BbITeKalolllie W3 YHHUBEPCAJTbHOIO
xapakTepa Katactpod u3 cnucka Toma. (Psn npuBoauMBIX Npu-
MepOB TOSIBHJICS He3aBUCHMO OT TeOpPHH KaTacTpod, ocobeHHO
B TEOPDHH YNDYI'OCTH, TAE€ CaMOCTOSITeJIbHO BO3HHUKJH TaKXKe H
HEKOTOphle KJIIOYeBble MOHATHsI.) MHoOrHe NpuUMepbl BHIXOAST
3a npejessl YIOMSIHYTOH BHayaJle CXeMbl ,TPajHeHTHBIX CHC-
TeM, 3aBHCAIIHX OT NapaMeTpa“, 4YTO AEMOHCTPUPYET IIHPOKYIO
NPUMEHHMOCTh TEOPHH. 3Jechb MOXHO OblIo Ohl YIOMSIHYTh
eiile, yto P, TakeHc Hayas H3yyaThb C TOUKH 3PEHHST TEOPHH Ka-
TacTpod BBHIPOXKJEHHBIE 3aJaYH BapHAUMOHHOTO HCYHCJEHHS.
Ho aBToprl He ycTalOT NoYePKHBATh H CYLIECTBOBaHHE TPaHHIL
NIPUMEHHUMOCTH TEOpHH.

ABTopam ynanoch co6paTh OrpOMHBIH MaTepHas, INOJyYeH-
HbIL B caMoe NocJjeflHee BpeMst U B 3HAUHTEJIbHOH CBOeH yacTH
elle He omy6/iHKoBaHHBIH. K coxaleHuio, HensbexkHasi INpH
TaKHX OOCTOSTENbCTBAX TOPOIJIHBOCTb OCTaBHJIa CBOH CJefn...
B yacTHOCTH, OpPHTHHAJ COfepxKaJ J0BOJLHO MHOTO OneyaTok,

OT NEPEBOAYMKA
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OT NEPEBOAHUKA

KOTOpble HCMpaBJ/IsiINCh NpHU nepeBofie Ge3 oroBopok. (CrHcok
HEKOTOPBIX H3 HUX ObL MPHC/IAH aBTOpaMHU.)

K IOCTOMHCTBAM KHHTH, KaK C TPYCTbIO JOJIKEH 3aMeTHTh
nepeBONAUHK, OTHOCHTCH H BHPTYO3HOE HCNOJb3OBAHHE aBTO-
paMy BO3MOKHOCTEH COBPEMEHHOTO aHIJIMHCKOro f3biKa. Ecuu
B KaKOH-TO Mepe 3Ty 4YepTy YAaJOCh OTPa3HTb B [IEPEBOJE,
To B 3TOoM Oosbllas 3acjayra H3JaTelbCKOro pelaKTopa
B. M. ABep6yxa, KoTopoMy NepeBOJYMK HCKpeHHe OsarojapeH.
On nosken Takxke nodsaarogaputh I'. C. Ilanupo u A, A. Kop-
CYHCKOT0, KOTOpble TOMOTJIM YTOUHHTb TEPMHHOJIOTHIO B OT-

IeJbHBIX IJiaBax,
A. Yeprasckul



MPEAUCIIOBUE
K PYCCKOMY WU3OAHUIO

BBIXOJl 5TOM KHHTH Ha PYCCKOM Si3bIKe — si3blKe, Ha KOTOPOM
6pl1a pa3BHTa CTOJIb 3HAUMTEIbHASI YacThb H3JaraeMod B Hell
TEOPHH, & TaKkxe OOBbeMJIIOILEH ee TEOPHH JHHAMHUECKHX CHC-
TeM,— sIBJsieTcsl  IJsl aBTOPOB BBICOKOH uecTbio. ONHUM H3
NHOHEPOB KaueCTBEHHOT'O aHAJMH3a JHHAMHYECKHX CHCTEM OBLI
A. M. JlanynoB. B Hamem o6CyxI€HHH CTPYKTYpHOH YCTOM-
YHBOCTH OTMEYaeTCsl PyCCKoe MPOHCXOXJeHHe STOr'O MOHSITHS.
Brioc/lelcTBHH  COBeTCKHe HCCJEOBATENH BHECJAH B paspa-
60TKY TONOJNIOTHUECKOTO INOJAXOAa K HeJHHeHHOH JAHHaMHKe
BKJIaJlbl CJHIIKOM MHOTOUYHCJEHHble, YTOOH MOXKHO ObLIO epe-
YHCJHTb HX BCE; U3 pAaHHUX PpaboT 0co6EHHO OTMETHM KHHUTY
Lleopusi Koaebanui“ A. A. AunponoBa, A. A. Burra wu
C. D. XaiikuHa !, u3 mnocnaennux — pabotet B. M. Apnoabia
00 TeOpHH ocoBeHHOCTEH H JHHAMHKE.

HMeHHO 3 cclo3a TeopHH ocoGeHHOCTEH W JAHHAMHKH POJH-
Jach ,Teopusi KaTacTpod®. [lpenMer ee He BmoJIHe onpefiesieH;
Pens ToM cunTaeT ee yMOHACTPOEHHEM, a He TeOpHeH B OObIY-
HOM cMplcsie. (ITpaBaa, W cam 3TOT OGBIYHBIH CMBICJ HE BIOJIHE
onpeeseH, H HCTOPHUS, CKaxeM, TeOPHH HHBapHaHTOB oGHapy-
JKHBAET TOT XKe [ICHXOJOTHUeCKHH XapaKTep.) ¥YMOHAcTpoeHHe
HeHa0eXXHO MeHseTCsl OT OHOTO CllelHaIHCTa [0 KaTacTpodam
K ApYroMmy, HO OOIIHMH YepTaMH OCTaiOTCsA: 0cofoe BHHMaHHE
K THIIMYHOCTH, K CTPYKTYPHOH YCTOHUHBOCTH H K reoMeTpHue-
CKOU TouKe 3peHHsi, [IpuMeHenHe 3THX NOHATHH H 3TOH TOUKH
3peHHsi, BKYIe C CO3JaHHBIM 17151 UX OGC/NYXKHBaHHSI TeXHHYe-
CKHM HHCTDYMEHTapHeM, H XapaKTepH3yeT B TpYObIX yepTax
TEOPHIO KaTacTpod B ee CaMOM LUMDOKOM CMBICJE,

[IpuMeHenHst 5TH HaXOAsITCS KaK B CaMoH MaTeMaTHKe, Tak
H B IPYTHX HayKax M HMeIOT MePeKPHITHS C APYTHMH ,YMOHACT-
pOeHHSIMH®, TaKHMH, KaK TONOJIOTHYECKasT JUHAMHKa, TEOpHs
ccoGeHHoCTel, TeopHs OudypKanui, HepaBHOBeCHAs TEPMOAH-
HaMHKa, CHHePreTHKa... Y TOUHeHHEe TPAHHIL Mbl MOJKEM IpEJO-
CTaBHTb HCTOPHKaM HaYKH.

1 2-e u3n., nepepab. u gon.— M., 1959.— Ipun. ped.
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NPE AUMCNOBUE K PYCCKOMY U3LAAHUIO

B HacTosiell KHHTe Mbl ONHCaJd OrpaHHYeHHBIl HHOTPY-
MeHTapHil, Ha3biBaeMblll YacTo saemenmaprold meopued Kama-
cmpogh; B hoKyce BHHMaHHSI ITOH TEOPHH — OCOGEHHOCTH Be-
[leCTBeHHO3HAUHBIX TJIaJKHX (GYHKUHH W NapaMeTPH30BaHHLIE
ceMeficTBa TakMX (yHKuuil. Pannue uccnegoBanua Xacciepa
Yurtuu npuBenad Toma K GopMYJIHPOBKe psiia THIIOTE3 O TaKHX
0cOGEHHOCTSIX; OHH OblIM 3aTeM JoKas3aHbl caMMM ToMom,
Maubrpanxem, Me3epoM H AIpYTHMH MaTeMaTHKaMi. B pesyiib-
TaTe, rnocJe JaHHBIX Mesepom o6oOLieHHH, cOpMHPOBAJICH HO-
BHIH TpeaMeT, HOCSUIMA Terepb Ha3BaHHe MeOpuu 0COOeHHO-
cmeti; B OCHOBHOM Te€ e HAeH OBbIH He3aBHCHMO DasBHTbI
B. Y. ApHosibaom, u Grarofapst ,lepeKpecTHOMY OINBLIEHHIO
BO3HMKJIO LiBeTyliee Nosie HccleloBanui. Takum o6pasoM, ¢
MaTeMaTHYeCKOH CTOPOHBI 3JeMEeHTapHasi TeopHsA KaTacTpod
AIBJIsIeTCS] OJIHOBPEMEHHO YacThbiO H MPeIIIeCTBEHHHKOM TEOPHU
ocoBGeHHOCTeH.

EcTb fiBe NpHYHHBI AJIs1 TOTO, YTOOB! OCTAHOBHTHCSI HA TAKOM
orpaHMYeHHH MaTepHala. Bo-nepBbix, MaTemMaTHyeckasi Teo-
pHsl pasBHTa 3/ieCb ropasjio NojiHee; BO-BTOPbIX, MOXHO OGOH-
THCh TOPa3/l0 MEHbLIHMH TPeABAPUTENbHEIMH CBeeHHAMH. Mbl
3l0pOBO TOJCOKPATHIH TePMHHOJIOTHYECKHi CJI0Bapb TOMOJOra
(HampuMep, 3aMeHHJIH CTporoe ,B oOlieM MOJOXEHHH” Hedop-
MaJIbHBIM B THIIMYHOM cJyyae“), H B HTOT€ KHHra cTaja MpH-
TOAHOH AJIS TOrO, YTOOBbI e UHTA/IH H NPHMEHSJIH HeMaTeMaTH-
KM, paboTaiolise B caMbiX pasHbIX obsactax. Beienctsue storo
YHTaTeJH-MaTeMaTHKH MHOTAa OOHapy»kaT MecTa, Tjie HM XOTe-
JIoch 6bl HMETh H3JIOXKEHHe, IPOBefleHHOoe ¢ 60/Iblue CTPOrOCThIO
nay ray6unoi. [lo BO3MOXKHOCTH Mbl CTapajHCh AaBaTh AJIst
TaKHX YHTaTeJedl yKasaHHs, rjie HalTH NoAoOHOe H3JIOXKEHHe.

Ec/iu 66 MBI NIHCAJH 3Ty KHUT'Y CErOfHsi, OHa JH6O yIABON-
Jach 6bl B ofbeMe, JTHOO 4acTb BaXXHOTO MaTepHasa MpPHILJIOCH
6bl onycTHTb, UHTaTesNl0 peKOMeHAyeTcsi, B YaCTHOCTH, 00pa-
THTb BHUMaHHe Ha TEOPHIO HEMOJHbIX OHdypkauuil (ocobeHHO
Ha ee SKBUBapHaHTHYIO dopmy) M. Tony6uukoro 1 I1. edde-
pa (cm. Comm. Pure Appl. Math. 32 (1979), 21--98, Comm.
Math. Phys. 67 (1979), 205—232), Ha npojoJXaloliHecs OITH -
yeckue uccienoBanuss M. B. Beppu u k. ®. Hast ccorpyn-
HHKaMH (CM. HeJlaBHHe BBINYCKH XYypHanoB KoposeBckoro of-
1iecTsa) U Ha 0630p MO TOMONOTHYECKHM MeTOJaM B TeOpHH OH-
dypkaunii k. D. Mapcaena (Bull. Amer. Math. Soc. &4
(1978), 1125—1148). IIpusoxeHHss TeOpHH KaTacTpop BHe
,JKECTKHX" HayK OCTalOTCsl BCe elie TPYAHBIM JeJIOM, O YeM Ml
6yaeM TOBOPHUTb B ryiaBax 17 H 18, HO AOCTHIHYTHI H3BECTHbIE
ycneXH B TPHAYMBIBAHHH CTATHCTHYECKHX TeCTOB JJIst HEJH-
HelHbIX MojeJiel, Ja U caMH TpobseMsl ctanu sicHee. IToka Mbl
He BHJAKM OCHOBaHHH AJisi MecCHMH3Ma (MOMHMO OTHOCSIIIMXCSH



NPEQUCNOBUE K PYCCKOMY M3QAHUIO

KO BceM BoOOILle MaTeMaTHYECKHWM NOAXOAAM K COLHOJIOrHYe-
CKHMM HayKaM), XOTA HEKOTOphIe aBTOPHl PaCXOAATCSH ¢ HAMM BO
MHEHHSX.

Teopns karactpod — MaTeMaTHYeCKHH MHCTpyMeHTapHil.
Kak u Besikufi 1pyrofi HHCTpyMeHTapHil, €ro MOXHO ynoTpe6-
JsiTh HenpaBuJ/bHO. [Npoleaiuee fecATHIETHE CBHACTENBCTBYET,
YTO OH fABJAETC MOILUHBIM CPEICTBOM, CHOCOOHBIM MPOJIHTH
CBeT Ha pelleHHe caMbiX PasHOOOpasHHIX MpobaeM, HO Tpebyer
OCTOPOXKHOTO H yMeJioro ofpallleHns. Haiell uesblo npyu Haty-
CaHHM 3ToH KHUTH ObWIO CHaGIHTL paGoTalolIHX YYEHbIX TOH
OCHOBO#, Ha KOTOPO# OHH MOTYT MOCTPOHTb CBOK COGCTBEHH YO
(¢nI0COMHUIO U CBOH NpHeMbl HCIONB30BAaHHSI 3TOTO HHCTPYMEH-
TapHusi, a BOBCe He yCTaHOBHTH xecTKH# [lnan Passutus, co-
CTaBJIEHHBIH ¢ KaKoli-TO ONHOA TOYKH 3peHHsa. Mbl Hajeencs,
YTO HACTOsIMA MNePeBo] BHeceT MoJIe3HBIH BKJaX B HayYHbIfi
nporpecc; Ho B 4eM Mbl YBepeHbl, TaK 3TO B TOM, YTO KaK Ha
BocTtoke, Tak u Ha Banaze GynyT nmosiyyeHbi camble YAHBHTEJ b-
Hble pe3yJ/IbTaTH, KOTOPLle BO3HArpaisiT BCeX HAC 3a 3aTPaueH-
Hble yCHJAMS.

T.1l1. H H C

Kopentpn
Centabps 1979
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K 3 )
MPEQUCITOBUE 3 o w0 e Sk,

HO nAeYax Komopozo mbi CMOUM.

[ocse nosiBjieHHs B cepeRdHe 60-X rofoB NMepBLIX CIYXOB O Io-
toBsitielicst kHure Pens Toma ,Stabilité structurelle et mor-
phogénése”, Bhieaeli B KoHle Konuos B 1972 roay *, GeicTpo
BO3pOC MHTEpec K NpelMeTy, H3BECTHOMY Tenepb Kak meopus
kamacmpog. ToOM NPENTONKHJ HCTONb30BAThH TOMOJOTHYECKYIO
TEOPHIO AMHAMHYECKHX CHCTeM, BelyUlyld Haualo OT paGot
IlyaHkape, [/ MOJE/IHPOBAaHHS Pa3pbiBHbIX M3MEHEHWH B sIB-
JIeHHsIX TPHPOLBI, H OCOGEHHO B GHOJOTHH; OH YKasaJs Ha Bax-
HOCTb B 3THX PAcCMOTPEHHsIX TpeGOBaHHA CMpYKmypHou yc-
MoLMUE0CMY, UM HeUYBCTBUTENBHOCTH K MasiblM BO3MYULEHH-
aM. OH Tak:Ke OTMeTHJI, YTO NPH HEKOTOPBIX YCJOBHAX H3
5TOro Tpe6oBaHHsi BbITEKaeT, YTO M3YuyaeMYK CHCTEMY MOXKHO
onucaTh JOKaJbHO MOCPEACTBOM OJHOH M3 CeMH CTaHIapTHBIX
QopM — gaeMeHmapHbLX  Kamacmpog.

IMomumo Beauuaiillero HHTepeca HAen Toma NOPORHJIH H
Besilyaiiliyio cMyTYy, a B Noc/e/iHee BPeMsl W BeJUUYadluKe CIo-
pbi. Ckopocresble yTBep:KleHHs 00 YHHBEPCaJbHOCTH TEOpHH
(4acTbio HeBepHbie 3asiBJEHHS, OCHOBAHHbIE Ha CMELIeHHH 3Je-
MEeHTapHBIX 1 He3/eMeHTaplblX KaTacTpoy, a 4YacTbio Tpe-
yBeJHyerts, KOTOpbie HaJo OTHECTH Ha cYeT ,IOHOILECKOro 3H-
Ty3nasMa® B HOBOH 06/1aCTH) MOBTOPSAJIMCh CJIHIIKOM YacTto Ge3
JOJDKHBIX Oroeopok. K ToMmMy »ke Koe-rfle pacnpocTpaHHJIOCH
MHeHHe, U4TO TeopHs KaTacTpod) sIBJsieTcsl ,YMCTO KauyecTBEH-
oM, 1 BOSHHMK PacKoj Mex1y TeMH, KTO AyMmaeT, YTO 3TO XO-
poLLO, M TeMH, KTO Tak He Aymaer. Hanuuue y Teopuu ImHpo-

" KOTo psiia npeilieCTBEHHHKOB BO MHOrHX ofJjacTsix (‘-ITO caMo

10 cefe siBasieTcss MPOSIBJIEHHEM THINHYHOCTH, O KOTOPOil Mbl
6yleM TOEOPHTb B IJiaBe 7) NPUBEJO HEKOTOPBIX K 3aKJioue-
HMIO, YTO 3Ta TeOPHsi BooOlle HHYEro HOBOTO HE COAEPIKHT.
CrnekynsiTHBHbIE PaclPOCTPaHEHHsl TEOPHH 3a PaMKH, BHE KOTO-
pbiX e MPHMEHHMOCTb yKe He TapaHTHPYeTCsl COOTBETCTBYIO-
UMM MaTeMaTHYeCKHM ¢opMasiu3MoM, Oblid OLIHG0YHO BOCTIPH-
HATHl KakK HACTOsLlHE NpPHJIOXKEHHs; pasropeBIUHeCs B 3THUX

1 Ca. [1] B ciMCKe HUTHPGBAHHOH JHTepaTypbl.— [Ipum. ped.



06acTsX ClOph «PaBJISIONMM 00pa3oM NMofeHCTBOBAJIH B ApY-
TMX pasjenax HayKH, TJe paccMaTpHBAaIOTCS COBCEM MHhle
3a/lauH.

Bce 3TH HeflopasyMeHHsl H HelPaBHJIbHblE IOHUMAHHsT MOXK-
HO B LeJIOM OOBSICHHUTb HENPHBBLIYHBIM MaTeMAaTHUECKHM $3bl-
KOM, Ha KOTODOM H3JlaraeTcs TeOpHsi, H OOLIHM CTpeMJIeHHeM
MaTeMaTHKOB IIOJYEePKHBATh Te aclleKThl TEOPHH, KOTOpbIE He
BCeria corylacyroTcs ¢ NPaKTHYECKHMH TPeGOBAHHSIMH YYeHbIX-
npukJagnHkoB. Ilostomy, nanpumep, TolopuHr B OTBET Ha 06-
BHHEHHE, YTO BLIYHCJ/IHTE/bHBIE MallHHEl paboTaloT cyry6o ne-
TEDMHHHCTHYECKH, OTBEUaJ, YTO HMEHHO TaK ero MPOCHJIH HX
NPOeKTHPOBaTb. TO Ke H ¢ TONOJOraMH, 3aHUMAIOUHMHCS Teo-
pHell KaTacTpod), KOTOphle OMHCHIBAIOT BCE , KauecTBEHHO,—
C ToH JIHIIb pa3sHHIEH, YTO NPOCHJAH 06 3TOM OHH caMH cefsl.
Brl :keJslaere yHcen — mojkaayiHcTa, OHH y Hac ecTb; HO 6Onlb-
IUHHCTBO TOMNOJIOTOB MOMPOCTY He XOMmAM YHCeJl, OHH HILYT , Ka-
uecTB“ — XOTsi NMOPOH 3TH KauyecTBa H NOJYYaiOT YiKacatolle
alrebpanuecKoe H JaKe YHCJIOBOE BhIpa)KeHHe. ITH NpobJieMsi
6p11H 060CTpeHBl OTCYTCTBHEM MNOAXOASIIHX HCTOUHHKOB /s
H3YYeHHs TEOPHH, KOTOpble JOJIKHBL JeXKaTb TIle-TO MEeXAY
JBYMs1 KpaHHOCTSIMM — HeNpOOHBAaeMEIMH KYPCAMH TOIOJIOTHH
H 4epecuyp PBIXJBIMH NONYJsIpH3alHsAMH.

Hawa nepBas Leib B 3TOH KHHre — pa3biCHHTH OTHOCSH-
HIylocs CIofa MaTeMaTHKY Ha sI3blKe, JOCTYITHOM HaY4YHBIM pa-
60THHKaM, 3HaKOMBIM C KOHEYHOMEPHBIM aHAJH30M H B HeGOJb-
oM obbeMe c JHHEeHHOH aare6poH. JTo CTABUT TEOPHIO KaTa-
cTpod Ha ee HCTHHHOE MecCTO KakK NPORO/KEHHe aHau3a HJIH
€ro pa3BHTHe B COOCTBEHHBIX paMKax (a He pajHKa/lbHO HOBOe
HalpaBJ/ieHie HJIH 3aMeHHTesJlb BCEeX CTApblX METOJOB, Kak
HHOTJa CYHTAIOT). DTO TaKXKe JE/1aeT SICHBIMH H OrpaHHYeHHS
TeopHH. EciM He YACHHTBL ceGe ¢ HOCTATOYHON CTENEHBIO IIO-
pOGHOCTH TOYHble MaTeMaTHYeCKHE MNPEMUTOChIKH H TO, KaKHM
00pa3soM H3 HHX BBIBOAATCS 3aKJIOUEHHs, HeJb3si COCTaBHTh
NpPaBHJIBHOrO IIpeJICTABJIEHHS O TOM, YTO TEOPHS MOXET, a 4ero
HeT. He pas roBopuJioch, 4To TeopeMy Toma MOXKHO IIPHMEHSITh,
He TIOHHMasg MaTeMaTHKH, CTosilled 3a Hell; MBI He COIJIacHBI
¢ 3TuM. Bosiee Toro, Mbl He corsiacHel ¢ Nogpa3yMeBaeMbIM 3ech
YTBEPKACHIEM, 4TO NPHMEHATb HaJo HMeHHO rmeopemy Towma;
aHaJiu3 OGOJbLUIHHCTBA CEPbe3HbIX H YCMELHBIX MPHIOKEHHI
[I0Ka3bIBaeT, YTO METOALI H MOHATHSA, CTOstIILHE 32 3TOI TeopeMof,
4acTo HMEKT OOJIBIIYIO BaXKHOCTb, YeM OHA caMa.

Bropas Hama nesb — paspyumHTh Mu}, YTO TeOpHS KaTa-:

CTpPO( ABJAsIETCS] YHCTO KayeCTBEHHOH, MbI locTHraeM 3ToH e
HANpAMYIOo, JlaBas 0030p -HEKOTOPHIX H3 ee KOJ4eCTBeHHbIX
npuao)eHHi. Mbl cocpelloTauuBaeM cBOe BHHMaHHe Ha (H3HYe-
CKHX HayKax, Ile CYLIeCTBYIOLass MaTeMaTHUYecKas TeopHsl

MPEANCNOBUHE
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MPEAMC NOBME

€CTeCTBEHHO BeJeT K 3ajavaM, MOANAJAUM NOJ IelCTBHe
METOJOB TEOPUU KaTacTpod, U rhe STH METOLbl MOXKHO HUCNOJb-
30BaTh KaK MaTeMaTHUeCKUH HHCTPYMEHT AJIsI NOJYUeHHUsT KOMH-
ueCTBEHHOH HH(OpPMALHH, AONYycKalolieH 3KClepHMeHTAIbHYIO
npoepky. Mol jenaeM 0cobblfi YyNop Ha BbIYHCJIHTENLHBIX
acneKTax TEOPHH H TeX SIBHEIX pacyeTax, KOTOphle C ee IOMO-
IIBI0 MOXHO MPOHU3BECTH, HJLIIOCTPHPYS BCE 3TO KaK MaTema-
THUECKHMH NPHMEPaMH, TakK H NPHJIOKEHHsMH. MeTonnt Teo-
pPHH KaTacTpo HrpaioT B (PH3HUECKHX HayKaX SICHO ONpefe-
JEHHYIO (XOTs W He YHHBepCaJbHYI0) POJb, H BaxHO, YTOOGH
noJleMHKe N0 MOBOJY e€e MeHee NMPOYHO CTOSIIIHX MPHJIOKEHUH
He ObLIO NM03BOJIEHO 3aTEMHHUTb 3TOT (akKT.

MaTtemaTHueckHe TJaBel, COCTABJSIONHE NEPBYIO NMOJOBHHY
KHUTH, B IIPHHIUIE He JAlOT HHYero 6oJIbUIETO, YeM IMpeJcTaB-
JleHHe O TeOpHH, TaKOH, KakK OHa ceHfdac CJI0XKHJacb; HOBbIM B
HallleM TOAXOJe SIBJSIETCS HCNOJb30BaHHe ,0BBIYHOR" MaTeMa-
THKH (BXoAfllell B cTaHJapTHbIN 6ara)k HayyHulX paGOTHHKOB)
JJ151 MOTHBHPOBKH IPHHSITOTO B TEOPHH KaTacTpod CTHJSA MBIIL-
JIEHHs M NoJIyYaeMBIX pe3yJibTaToB. Mbl He NpUBOAHM CTPOrux
Ji0Ka3aTe/IbCTB CHJIBHBIX TeopeM (Ije H 3akJioyeHa camas IJy-
(Gokas M camas HOBas MaTeMaTHKa), HO [10-HOBOMY BHISIBJIsIEM
reoMeTPHYECKYI0 CYThb COOTBETCTBYIOLIUX PacCyKAEHHH, 4To
06bsiCHsIeT (ayuille, yeM CcTporo opMalbloe H3JN0XKeHHe), 10-
uyeMy BepHBl 3TH pe3yJ/bTaThl. He3aBHCHMO OT BCSIKMX NpPHJIO-
*KeHHH, MaTeMaTHYeCKHe TeOpeMbl TEOPHH KaTacTpod npex-
CTaBJISIOT COG0H CYIIeCTBEHHBIH BKJaJ B Ba)KHYIO U €CTECTBEH-
HYIO pobseMy — HccseloBaHue ocoGeHHOCTeH ceMeHCTB riiaf-
kux GyHkuufl, Hame H3nokeHHe 3THX TeopeM MOKET TaKikKe
0Ka3aThbCsl T0JIE3HBIM B KauecTBe COJAepXKAaller0o MOTHBHPOBKH
BBEJEHHs] JUIA TeX, KTO NoxesaeT H3YUHTb 3Ty MaTeMaTliKy
6os1ee ray6oKo.

OnuH H3 pe3y/ibTaToOB, KOTOPhIE MBI 3ech LOKa3bIBaeM ABHO
{(Hcnoab3ysl JIMIb 3JeMEHTaPHBIH aHasH3),— 3TO BaxHas AeM-
MQ 0 pacujenjenuu, C MOMOLIBIO KOTOPOH MOXHO YMEHBIIHTb
(1 4acTo paJaHKaJbHO) UHCJIO MepeMeHHBIX B paccMaTpHBaeMoi
3ajade. HekoTopbM 3TOT pe3yJbTaT KaxkeTcs HauGoJee yau-
BI{TeJLHBIM BO BCeHl TEOpHH; €ro Mo CYUIeCTBY KJaccHYecKas!
NpHposna, Kak 4 OH caM no cebe, 3acayxKHBAIOT GoOJIblIell 13-
BECTHOCTH.

Btopas moJsioBHHA KHHI'H OTBelleHa NpPHJIOXKEHHSM. Mbl He
TONBKO OOCY}KHaeM YiKe YCTOsIBHIHECH H XOpOILO H3BECTHHIE
NPHJIOKEHHS, HO NPHBOAHMM H COBCEM HeJaBHHe pe3YJbTaThl,
KOTOpble MEHee M3BeCTHbI, H Jaxe MaTepHaJl, ellie He MOSBJIsB-
IiHiics B NMevaTd. K MocniefHeli KaTeropHu npHJOKeHHH OTHO-
cATCA: HCCeJloBaKie YCTORUMBOCTH HAEaNH3HPOBaHHON MIaBy-

gell nuatdopMel B riaee 10; ceyeHHs MHpaxeli H 3BYKOBBIX



yaapoB B riaBe ll; KoaHYecTBeHHOe HCNOJNDb3OBaHHE HEAO-
KaabH020 6UdYPKALLHOHHOTO MHOXKECTBAa KaTacTPOMbl 3JJIHNTH-
Yyeckoli OMOMJIHKH B IJjaBe 12 B CBfAI3M ¢ H3YuYeHHEM TeYeHHH
MKHIKOCTH; 4acTH rJaBbl 13 o6 ynpyrux KOHCTPYKLHSIX, OCO-
GeHHO TPaKTOBKa KaTacTpodbl ABOHHOH COODKH NpPH BBINYYH-
BaHHWH MJACTHH; MHOT'O€ U3 IJlaBbl 14 0 TepMOLMHAMEKE; TEOPH S
nyejl U HOBHIE Kamacmpoghsl ¢ Oeparuvenusmy B Taase 16, a
TaKXe MaTepHasl, OTHoCALIMHCA K 00pa3oBaHHIO GHOXHMUYe-
CKHX H 3KoJIorH4ecKHX rpanuil. B riase 15 Bcé — HoBoe U Le1H-
KoM npuHagiexut Boby I'mamopy u Jlopenuo Hapayuuwu.
UnTtartesb, yKe 3HAKOMHUBIIHACA paHee ¢ JIMTepPaTypoH 1o
TEOPUHM KaTacTpod, BCTPETHTCS 3JeCb CO MHOTHM, 4ero OH
paHbllle He BHJEN, a TakXKe H C HEKOTOPLIMH NPEXHHMH JIO-
6umuamu. Ha nene Tenepemnnil B3ppIBHOH POCT B TEOPHH KaTa-
CTpod TaKoB, YTO ec/H Obl 3Ta KHHra MolLlla B Neyarb JETOM
1976 roaa, 1o, rpy6o roBops, MOJIOBHHA MaTepHasa 1o MPHJO-
XEeHHsM He MorJa Obl GbiThb BKJIOYeHa B Hee. Bpems cuibHO
nof;KUMaJjio Hac B paGoTe Haj KHUTOH (HajeeMcs, 4TO 3TO He
CJHIIKOM OTPa3H/AOCh Ha OCTABIUHXCHA B Hell OmHOKax), H 3TOT
HaXKHM JIMIIb YaCTHYHO HCXOAHJ OT H3JaTejeHl — Mbl MOCTOSIH-
HO OlYIIATH 3a CNHHOH ropsidee AbIXaHHe caMOro HpejMeTa.
Toapo6Hbli cIHCOK 06CYKAaeMbIX HaMH HPMJIOKEHHH MOXK-
HO HaWTH Ha CTPaHHLAX OrJIaBJEHHs, U Mbl He 6yJleM ero MnoBTo-
paTb. B B3 ¢ 3THM CIOHCKOM HEOOXOJMMO cAe/laTh JBa
3aMevanusi. [lepBoe: Mbl CTapajHch, HaCKOABKO TOJBKO GBIIO
BO3MOKHO, KOHCYJBTHPOBAThCSA Y CHELHAMHCTOB B COOTBETCT-
BYIOIUX 06G/MacTAX MNPUIOKEHHH, YNOCTOBEPATbCs, YTO Halle
U3JI0}KEeHHe OTBeuaeT AYXY CErOAHSIUHEro MbILJIEHHsS B 3THX
o6saacTsaX. DT0, KOHEUHO, He 3HAYWT, 4TO 3HATOKH OYAYT COr-
JacHbl ¢ HaluM TeopeTHauposaHueM. Ho, Bo Bcskom cayuyae,
y uMTaTeNs He cO3JacTCs BreyatTsieHHs (KOTopoe ocTaeTcsi OT
CJIHUIKOM MHOTHX pa6oT), YTo Bcs (H3HKa, ydacTBywllas B
NPHJIOKEHHsX, MPHHAAJEXKHUT JeBsATHaAuaTomy Beky. Ilpomo-
Belysl, YTO QU3HKA CAHLIKOM LIeMJseTcs 3a MaTeMaTHKY JAeBsIT-
HaJLATOTC BeKa (a B HEKOTOPhIX 06JacTsaX, KaK HaM KaxkeTcs,
JieJ1o OGCTOUT HMEHHO TaK), Hajo W36eraTb aHaJOTHYHOH OLIHG-
Ki B oBpaTHyio cropony. He 6yayun camu ¢usHKamu, cylo-
CTPOUTENAMH, GHOJIOTaMH, HHKeHepaMH, Mbl B3sJIH Obl Ha cels
CJIHIIKOM MHOTO, €CJH Obl HafiesJIUCh, 4TO LIeTHKOM Npeycnenn
B CBOEH MOMBITKE, HO BO BCAKOM cJy4Yae Mbl CTapaJsIHCh.
BTopoe 3aMeuaHue COCTOHT B TOM, YTO MHOrHE H3 IPHJIOXKe-
uuil, ocobeHno B riasax 11—13, oTHocATCS K cHCTeMaM, OIMHCHI-
BaeMBbIM YpaBHeHHAMH B 4acmHoix NPOU3BOAHBIX. Jla, HMeHHO
Tak, HECMOTPA HA TOT aKT, YTO ,3aKOHHBIMH" SIBJISIIOTCS 3/l1eCh
JUIIb CHCTEMBbI, ONHCHIBaeMble YPaBHEHUSIMH H3 HEKOTOPOro
CIIeLHAJBHOTO KJacca 06bikHOoseHHbix AnddepeHlHalbHbIX YpaB-

NPEAUC NOBUE
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MPELMCIOBME

HeHHIT,—— (paKT, KOTOPBIH 4acTo BBIABHIaeTcsl KaK BO3paKeHHe.
Ho neno B ToM, 4To MaTeMaTHKa He BCerAa XOPOLIO pa3MellaeT-
Csl B YIOTHBIX KaTeropHsiX, 1O KOTOPbIM Mbl €€ PacCOBBIBAaEM.
Budypkauuu, nognamoinecs ONHCAHHIO IPH MOMOIIH (3/1€MeH-
TapHOH) TeopHH KatacTpod, Haba0AaIOTCs LSl YpaBHEHHH H3
ropasno 6oJiee IHPOKOTO KJacca, YeM YIOMSIHYTBIH cllelHalb-
Hbill KJacc (rpalHeHTHbIX OOBIKHOBEHHBIX JH(pdepeHUHaNbHbIX
ypaBHeHHH), IJs KOTOpOro HauboJiee OYEBHAHO, UTO 5TO —
eduHcmeenHole OHbYPKalUH, MOTYILHe NPOHCXOAUTb YCTOM-
upBo. CTporoe H3yueHHe YpaBHEHHH C YACTHBIMH IPOH3BOJHbLI-
MH 4acTO — XOTSI, KOHEUHO, He BCerja — IPHUBOJHT K 3JeMeH-
TapHeIM KaTacTpodam. M3yuenue si060ff MaTemaTHYecKoil 3a-
Jayd MOXKeT NpHUBecTH B 06JacTb, OTJIHYHYIO OT TOH, TAe oHa
Obly1a ToCTaBJeHa.

[Ipeanoc/iensist rjaBa COAEPKHT KpaTKHH 0030p HEKOTO-
PbIX MOMBITOK NPHUMEHEHHsT Mojesied, BHYIIEHHBIX TeopHeH Ka-
TacTpod), B COUHOJIOTHUECKHX HayKaX H TeOPHsX MOBeJeHHs.
CooTHOCS HX C NpeLHIeCTBYIOUIHM, MBI OKas3blBaeMCsl B COCTOSI-
HHH JlaTh OGOCHOBAHHYIO U (HajeeMcs) KOHCTPYKTHBHYIO KDH-
THKY MoJeJell 3Toro TUna. I'/1aBa C/Y:KHT TaKke JJs JEMOH-
CTpallH TOrO., HACKOJIbLKO IHPOK CIIEKTP MOMNBLITOK MPHMEHEHNs
TeopuH KaTactpod. Ham aymaercs, dyro GecnpucrpacTHoe o06-
CYXJeHHe 3TOH CHOPHOH 00sacTH NOMOXKET MPEACTaBHTL ee B
HCTUHHOM cBete, [lo3TOMY B 3akJ/iloueHHe Mbl NPHBOAHM OJAHH
npocTofl NpuMep, Korja H MOJAEIHPOBAHHE C 3JeMeHTapHBIMH
KaTacTpodaMH, U HesiBHblE THNOTE3bl O PAaBHOBECHH H3 TPaAHLHU-
OHHOH omHcaTesbHOH (,C/0BeCHOH ) SKOHOMHKH (, HeBHIHMAas
pPYKa pbIHKa“) TepnsT HeyZauy caMbIM OYEBHJHbIM 00pa3oM.

Mbl He cuMTaeM, UTO paspellleHHe 3TOr0 YacTHOrO cropa
NpeJicTaB/seT CYECTBEHHYIO BaXKHOCTb AJI Pa3BHTHS TEOPHH
KaTacTpod B Ues0M; He B Gosblllefl CTeNeHH, YeM apryMeHThl,
Kacalolyecs acTPoJIOTHH, GHOPHTMOB HJ/iH OOLleH TeOPHU OTHO-
CHTeJIbHCCTH, MOTYT MOKOJ/1e6aTh NoJioKeHHe chepUdecKol TpH-
TOHOMETPHH, TapMOHHUYECKOTC aHanH3a HJH JuddepeHUHal b
HOl reomeTpuHu. Hallle coGcTBeHHOe MHEHHe O BepPOATHOM Oyny-
1M TEOPHH KaTacTpod KPaTKO H3J0XKEHO B 3aKJIOUHTeJbHOH
riaBe H MOXeT ObiTh PEe3IOMHPOBAHO CJEAYIOLLHM 06pa3soM.
B nenocpeacreeHHoM OyayileM JHIlb (H3HYecKHe HayKH H3-
EJEKYT H3 Hee JeHCTBHTENBbHYIO BBITOAY, OCKOMbKY OHH HMEIOT
Jesio ¢ IPOCTHIMH® cHcTeMaMH, B KpaliHeM ciiyyae cO ,CTaTH-
CTHYECKH NPOCTHIMH" (MOSIBHEIIMMHCS OJIHXKe K HallleMy BpeMe-
HH) — CHCTeMaMH HeopeaHusosaHHott cioxkHocTH. OpraHuso-
BaHHas CJOXHOCTb OHONOTHH NpejcTaBisieTcsl HanbGosiee Bepo-
ATHBIM O0GBHEKTOM H3YYeHHS Ha CJeAyIolleM, ,1POMEeXYTOYHOM"
5Tane, HO 3[leCh YiKe MOXKeT NOHaJ00HThCS BCA TeopHs JUHAMH-
UeCKHX CHCTeM (HMelollas TeopHI0 KaTacTpod JHIIL MaJjioH,



XOTS U CYIIeCTBEHHOH cocTaBJsitolleii). OpraHu3oBaHHasH CJOK-
HOCTb CONHAJbHBIX CHCTeM BPsii JH OYIeT XOpOILO MNOHATA,
IIOKa Mbl HE OCBOMMCS KaK cJellyeT ¢ GHOJOTHUECKHMH CHCTeMa-
MH. EJUHCTBeHHBIH BaxKHBIH BONMPOC, KOTOPBIN HYXKHO PELIHTh
B HACTOSILIHH MOMEHT,— 3TO CTOHT JIH BoOOlile 3aHHMATBCS TEO-
pueti katactpod. Ilo HalleMy y6exneHHI0 — xa, HYXKHO, Jake
paju ofiHOH TOJIbKO HeMeJIEeHHOH OTAaul B DU3HKe; JACT JIH 3TO
HaM BO3MOXKHOCTb COBEepPINHTb MaJeHbKHH 1Lar BIepel B INOHH-
MaHHH 6oJlee 3aXBaThHIBAIOLIMX NPo6JEM 4e0BEUECKOro cylile-
CTBOBaHHs — BONPOC, KOTOPBLIH Pa3yMHO OTJIOKHTb A Gyay-
DIMX TIOKOJIeHHH.

KnHra Takoro THIIa, HAYWas Bpa3pe3 ¢ TPafHUHOHHEIMH ClO-
JKETHBIMH JIHHHSAMH, Obls1a GBI HeBO3MOXKHA, eCJH Obl He BeJHKO-
JlylliHasi TIOMOLLb CIIeHAJHCTOB B 3aTPOHYTHIX 06jacTsax, Ko-
TOPBIM MbI BbIpa)KaeM HCKPEHHIOI NpH3HaTebHOCTh. OJHOro
Kpucrogepa 3umaHa HYKHO ObL10 Obl YIOMHHATD B 3TOH CBSI3H
CTONBKO pa3, 4YTO 3TO MNPAKTHYECKH HEBO3MOXKHO CHeJaTh,—
elile BONPOC, NPOABHHYJIACh JIH Obl Ge3 ero MHOHePCKHX YCHIHH
H 3HTy3Ha3Ma 3Ta HayKa Tak JajeKo, 4ToObl HOCTATOYHOE
YHCNIO Jofied BooOllle 3HANH O ee CYLIeCTBOBAHHH, HE TOBOPs
YK O TOM, YTOOBI JeJ0 JOLLIO A0 KPHTHYECKOTO HACTYMJEeHHS
Ha Hee. O0Oa aBTOpa 3TOH KHHIH BIEPBble CONPHKOCHYJIHCH C
TeopHel KaTacTPo(d Ha €ro JIEKIHAX, H Mbl HaJleeMCsi, OH [IPHMET
3a KOMIIIUMEHT, €CJIM Mbl CKax<eM, 4TO ero npenojpaBanue GblIo
CTONb YCIEIIHBIM, YTO MBI HE TOJIBKO CTaJlH MOHUMATh TOHKOCTH
reopuil ToMa H posb 3MMaHa B HX Da3BHTHH, HO IPH CJydae
0Ka3blBaJHCh HECOIVIACHBIMH ¢ HHUMH obouMu! EMy ¢ yBakenu-
&M [OCBSILAETCS 3Ta KHHra.

Kaxaetii KoHTakT ¢ Pens ToMoM nposuBan HOBHIH H uyacTo
TaHHCTBEHHBIH CBET Ha KPAacOThl MaTeMaTHKH H Ha paccMaTpH-
BaeMble Bornpochl. Ken JWITOH MpejlocTaBua B Hallle pacrops-
XeHHe coOpaHHBle MM 3KoJlorHueckHe JAaHHble. PyT Bennsps
paccKasaja O CBOMX 3KCI€PHMEHTaX H BhbIIpaBHJA Halll GHOJIO-
ruyecKHi s3bik. Mafika BeppH noseosnns 3auMcTBOBaThH y Hero
[IHpOKHE NO3HAHHS B ONTHKE BMeCTe C HEKOTODBIMH (oTorpa-
dusmMu; oH ¥ Mankom MskiH 6blJIH CTONB XKe LIEAPH [0 YacTH
JHHAMHKH XHAKOCTH, a MaskoM MoaKkaH npocrtep cBolo Iiel-
pPOCTb JIO TOTO, YTO NPEAOCTABHJ HaM elile JO MOSIBJEHHs coBCT-
BEeHHOH NyO6JHKaUuWd KONHU MpeKpacHbIX doTorpaduil TeueHui
JKHJKOCTH, KOTOPBble YKDPAaLlaloT raBy 11 H Kax/Jasi H3 KOTOPBIX
rorpe6oBaia ¢ €ro CTOPOHBI MHOTHX 4YacoB pabothl. Kak skc-
nepUMeHTabHOE CBHIETEIbCTBO CEPbe3HOI0 TEXHHYECKOTO TpH-
MEHEHHS] TeopHH 3TH (OTOTpaguy CYIIECTBEHHBI IJisI MHCCHH
9TOH KHHIH. '

Buaa Canna, Jxkains Xaut, Maika Tomncon u Mafika
Cbl037121 Jepxaly Hac B H3BECTHOCTH O NPOABHMKEHHSX B HH-

NPEANCNOBKE
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MPEANC OBUE

JKEHePHOM Jlejle U KOPHJIH 3a HeBeXxecTBO. Jarap Suwep u Bob
I'niMop obyunsn Hac TepMmoAuHamHke. Konue Pendpu, Snan
Yuncon, Pobept Marnuyc u HeiiBua IIUTT no3BOSIHAH HCNOMB-
30BaTh HX Heony6/aHKoBaHHBIe paboTel; Bo6 'namop no cyie-
CTBY HanHcaJ IJisa Hac raaBy 15. Hamw nepBoHauanbHuIl niaH
coTpyaHHdecTBa ¢ Tenom ByaKokKoM, KOTOpbIH HoJ/ixKeH Oblj
HaMHCcaTb HeCKOJIbKO TJ1aB 0 GHOJIOTHH, COPBAJCS MOJ HaXKH-
MOM CpPOKOB; OXHAKO B Jylle OH C HaMH, a foJee MaTepHalbHO
NpelCTaB/ieH HEKOTOPBIMH CBOMMH MalHHHBIMH TpagpUKaMH.

Henoctatox MecTa He No3BoJisieT HaM MePeYUCTHTD elle He-
CKOJIBKO JeCSITKOB JIHIL, KOTOpbie BHEC/IH CYIUECTBEeHHbIH BKJak
B COJep:KaHHe KHHI'H HJIH CONeHCTBOBAJNH MOAHATHIO MOPaJIbHO-

ro AyXa aBTOpPOB.
A .H.C. T.I.

Maprt 1977
KoBentpu u JKenena

Mpu uanucanuu 3Tok kKHHrH Tum [locton moawb3opadcs ¢uHAHCOBOM MOA-~
Zepxkoit Haunonaasnoro Ulseituapekoro ¢onaa HayuHblX uccaefoBauuit
(grant no. 2.461-0.75) u RonmoaHHTeJbHOK NOAJEPKKON HHCTHTYTa Bat-
teasa B Oraio (grant no. 333-207).



U3MEHEHWUA MOCTENEHHbDIE
N BHE3ATIHbIE

Kunaccrnueckas ¢usuxa (or Hetotona no ofmiefi Teopuu oTHO-
CHTE/ILHOCTH) — 3TO [0 CYHIECTBY TeOPHsl MJIABHOTO MOBefe-
HHS; MepBblfl NPUXOASIIHH B TOJOBY NpPHMEP — JABHKEHHE
niavet Bokpyr CoJsHila, BHYINAOIlee TpemeT cBoell 6e30CTaHo-
BO4HOCTbIO, HETOPOILIMBOCTBIO U 4Ype3BblYafHOH peryJspHo-
cThio. [laxke KoslebaHHs 3eMHOM OCH, M3-3a KOTOPHIX MPHULIOCH
OTKa3aTbCA OT BpallleHHsl 3eMJIH KaK OT 3TaJOHHLIX YacoB, H Te
NPOHCXOASAT IJIaBHO. B moc/ie/loBaTeIbHOH MaTeMaTHUIECKOH Teo-
puu HebecHOH MeXaHHKH MCKJIOYEHO, CKa)keM, 4Tobbl TpoMa/l-
Had KoMeTa, NonaBiuass HekorAa B CoJlHEUHYIO CHCTEMY, Bbi-
XBaTu/a M3 3eMJH KYCOK, MPOXOAS MHMO Hee (TemepeiliHee
Kpacnoe Mope), u zamem, notepss 6O/BLIYIO YACTh CBOEH KHHe-
THYECKOH 3HEePTHH, YCTaHOBHJACb Ha IOYTH B TOYHOCTH KPYro-
BOH opOHTe B KauyecTBe MJaHeTkl Benepa (LIHPOKO pacmpocTpa-
HeHHas TCeBAOHayuyHas runoresa). [lnaHeTsl C/HIIKOM NJaBHO
B3aUMOJEHCTBYIOT AJSI 3TOrO.

1 Karactpodsl

Ho uameHeHHsi coBepuaioTcs M ckaukaMu. Bapyr sakumaer
Boja. Hauunaer rasitb sien. CoTpsicaloTcs 3eMiH U JyHH. Py-
watea poma. CrimHa BepOJIofa, KaK MBI 3HAeM, BblAEpAHBaeT
TPY3 B 7 COJIOMHHOK H BHE3aIllHO Jiomaetca nox (n-+1)-#. Ipo-
HCXOAAT OMpIKeBble KpaxH.

OTH 8He3anHble U3MEHEHHUsS BHIBBIBAIOTCA OOBbIYHO 2AG0KUMLU
H3MEHEHHSIMH CHTyaHuH. B acTPOHOMHH TaKUM COOLITHEM ObLI
Obl BHe3aNHbIH (MIHOBEHHBI WJIH B TeueHHe HECKOJbKHX IHel)
nepexol 3eMJIH Ha HOBYIO OPOUTY, NeCATHIO MH/UIHOHAMH KHJ0-
METPOB [UHPe cTapoi, Npu npoxoxaeHuHd CoNHeYHOH CHCTeMoH
B €e HENMpPEPLIBHOM JBHKEHHU B ['ajlakTHKe KAKOro-TO KPHTH-
yeckoro Mecta. Takoro poja H3MeHeHHS TOpPa3o Xyxe f0/1a-
I0TCS1 aHAJM3Y H NpeJCKa3’aHHIo, yeM JIBHKeHHe HeGecHBIX Tell,
H Das/iHuHble HaYKH (OT QH3HKH J0 3KOHOMHKH) ellle TO/NbKO
HaKaIJIHBalOT aHaJHMTHYECKHE CPeNCTBA, KOTOphbie Obl HM I10-
3BOJIHJIH  YNPABJAATLCH €O CKAYKOOOpA3HbIM IOBEXEHHEM,

K Tomy xe npuposa ckaukoB GbiBaeT camoli pasjiMyHOIlL.
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TNABA 1 UBMEHEHWA NOCTEMEHHBIE U BHE3AMHLIE

EcTh CHJIBI, KOTOpPBIE MOCTENEHHO HapacTaroT 10 TeX MNop, Moka
HX yxe GoJbllle He MOXET CIepKaTh TPeHHe; PEB 3eMJeTpsice-
HHSI H IIOPOX PACTYIIEro peBeHs NPOU3BOAATCS NepeMellleHus -
MH, KOTOPHIM TpPeHHe YCTymaeT HOpory. EcTb KpHTHYecKas
IJIOTHOCTD {TOMYJIAIHY, HHXe KOTOpOil 0cOOH pa3sBHBAIOTCS Kak
KY3HEUHKH, a Bblllle — KaK capaHya; BOT NoYeMy, €c/H capaH-
Yya MOABJASIETCS, OHA MOsBJsETcs TydeH. BHesamno HaMeHseT
CBOH PENpOAYKTHBHBIH DHTM KJ€TKa H BIPYT HauMHaeT yIBaH-
BaThCcs H YIBaHBAaTbci B PHTME paka. YesnoBek Nno jopore B
Jlamack ' umeeT BHJEHHe.

MHoroe 3jiech ellle He TOAHaeTcs aHanH3y. MHoroe yxe npo-
aHaJM3HPOBaHO, INpPHYEM HPHMEHSJIOCh BeJHKOe MHOXECTBO
MaTeMaTHYeCKHX METOJ0B. B 3Toit KHHTe Mbl OYAeM HMeTb Jeso
€ OJHHM MAaTeMAaTHYECKHM NOAXOJOM, B PaMKH KOTOPOTO efHHO-
06pa3Ho YKJajbiBaeTcst OOlIHPHasi o0JacTh SIBJEHHH TaKoro
pora. MeToapl, KOTopble NPH 3TOM HCNOJNB3YIOTCSA, OLLIH pas-
BUTHI (paHIly3ckHM MaTeMaTukoMm Pens Tomom u cranu mupo-
KO H3BeCTHhIMH Osarofapsi ero Kaure ,CTpYKTYPHAsl yCTOHUH-
BocTb H Mopdorenes” [1], rie oHH GbUIH NpeAJIOKeHbl B KayecT-

. Bé MaTeMaTHYeCKOH OCHOBHI /11 6Honorud. Te BHe3anuble H3-

MEHEHHS, O KOTOPBIX TYT HAET peyb, OblIH OKpelleHel Tomom
Kamacmpogamu, LJsi TOro 4ToObl BBIPA3HTh OlLYLIEHHE Pe3KOk
HJIH JpamMaTHYeCcKOH nepeMeHbl. 3TO CJIOBO, K COXaJseHKIO, Le-
CeT B CBOEM 3HAaU€HHH OTTEHOK OefCTBHSA, KOTOPLIH B GOJbIIHH-
cTBe MpPUJIOXKEHHH HeyMecTeH. Ho Bech mpelMeT ¢ TeX Mop 1no-
JYYHJI H3BECTHOCTb KaK Meopus Kamacmpog — cJoBOcoYeTa-
HHe, TpejcTaBiasmollee GoOMbILYIO cBCOOLY TONKOBaHHS, B 3a-
BHCHMOCTH OT NPHHATOH TOYKH 3pEHHs.

OTH MeTOibl NMpPHMEHHMB HaHGoJee HENOCPeACTBEHHO (HO
COBCEM He HCKJ/IIOUHTEJIBHO) K CHCTEMaM, B KOTOPHIX B KaXKABLIH
MOMeHT Ha (oHe H3MeHsoOLlefics CHTYalHH MHHHMH3HpYyeTcs
HJH MaKCHMH3HpYeTcsl HeKotopasi GYHKIMsS (HalpHMmep, 3Hep-
CHSl HJIM SHTDPOMNHS COOTBETCTBEHHO). B . 3 Ml NOsicHUM, 4TS
3TO O3HayaeT MaTeMATHYECKH. B HacTOALLYIO e MHHYTY XOpo-
mwell KapTHHKOH MOXET CAYXHTb INAPHK, KaTslIMHCS MO He-
POBHOH MOBEPXHOCTH H ,CTapalollHics” NpH MOCPeACTBE CHJIBL
TSKECTH HaHTH TOJIOXKeHHe, ec/IH H He caMoe HH3Koe H3 Bcex
BO3MOXHEIX, TO XOTs Obl caMoe HH3KOoe H3 BCeX APYTHX NOGJH-
30CTH (a4 TeM BpeMeHEM MeHseTcs H cama MoBepXHOCTb). Te
crienMalibHple  TeOMeTpHYecKHe o6pas3oBaHHUs, KOTOpble BO3-
HHMKAIOT MpH TaKoll NMOCTAHOBKE 3ajauH, Has3blBalOT, BCJel 3a

1 Capa, Gyaymuit anocros Ilasen, porom H3 Tapca, wmea n3 Hepycanuma
B Jlamack u 1o jopore yBHjend ,C Heb6a CBET, NMPeBOCXOASIIHIA CONHeYHOe
cusinne” (Hesuusi anocrosop, XXVI, 13). (B opuruHase ourn604HO roBoO-
pHTCs 0 ,nopore B Tapc*).— [lpum. nepes.
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Tomom, sremenmapHeimu Kamacmpogamu, UMess B BHILY 3Je-
MEHThI KaK (pyHJaMeHTaJbHble CYILHOCTH (MOKOOHO XHMHYECKHM
sJleMeHTaM); HX NpPHMEHEeHHeM, KaK OHO OMHCAHO B HacTosIlleH
KHHTE, 3aHHMAETCH IAeMeHMapHas meopus kamacmpog (caoBa,
HeNpaBHIbHO NOHATHIE 3ycemannoM H Llanepom [1al B cmeicae,
aHAJIOTHYHOM ,3JeMeHTapHOH apudmeTnke”), XOTs Bce 3TO JO-
cTaToyHo r1y6oKo M MareMaTHuYecKH H dugaocodceku. ns He-
KOTOPHIX CHCTEM MOIYT INPOHCXOAHTH 0OoJlee CJOXKHbE BELLH
(ouH Jerko ofbsicHsieMblll NpHMep MBI NpHBOAMM B.§ 7 ra. 17),
kotopeie Tom [1] kmaccuduiupyer orynom kak o0606uiernvie
KaTacTpogbl. Mx Teopust HHKOHM 00pa3oM He SIBASETCs CTOMb
XKe MOJTHOH.

J171s1 NOHUMAHHS TeOpPHH KaTaCTpo¢> Ba)KHa (pU3HUecKasi HH-
Tyuu¥si. Mbl onMuIeM B 3TOH rJjlaBe TPH INPOCThle (H3HYECKHE
MOJIE/IH, JEMOHCTPHPYIOIIHEe TUIOHYHBIE 4YepThl KaTacTpodHuye-
CKOTO ITOBEleHHsI U HMeIolllHe TO JOCTOHHCTBO, YTO (B OT/IHYHE
OT 3eMJIeTpsACeHU H GUPXKEBBIX KPAaXOB) OHH HOCTATOYHO NPO-
CTBI, YTOOBI UX MOXKHO OBIIO CAMOMY H3TOTOBHTDb, H JOCTAaTOYHO
HEBEJHKH, YTOOB HX MOXKHO OBLIO HOCHTB C cobofi. K Tomy xe
HX MOXKHO HCIOJNB30BATH JfIsi SKCIIEPUMEHTOB. X OTs OHH JIErKo
NOMAAIOTCH aHaNU3y, Mbl He 6yJieM MOKa 3THM 3aHHMaTbcst. Mu
ocToAHHO 6yneM of0pallaThesl K HUM KaK K NpUMepaM, U Yu-
TaTe/b CYLIECTBEHHO YKPENUT CBOIO HHTYHLUHIO, €CIH OH caM
H3TOTOBHT 3TH MOJEH (Mbl JafiuM AJs 3TOTO DsiJi COBETOB) H
[OUTrPAeT ¢ HUMH; HUKAKOe ONKCAHHE He 3aMEHHT KHBOTO 3KC-
nepumenTta. Crlenyer, ofHaKo, NOAYEPKHYTb, YTO OTHOLIEHHe
3THX MAIUHHOK K TeOPHH KaTacTpod aHaJOTHYHO OTHOLIEHHIO
M3BECTHHIX ,JUIPYILIEK" — HbIOMOHO8A 6edpa U NPOCHOe0 Masm-
HUKQ — K HBIOTOHOBOH MeXaHHKe,

2 3xMaHOBa MallXHA KaTacTpod

Mpbl HauHeM c MalluMHBI, H300peTeHHOH nepsofl. Ee nmpuayman
B 1969 r. 3. K. 3uman u3 Yopukckoro yHusepcureta. [Toskcne-
PUMEHTHUPOBAB HeJleJH TPU C PE3HHOBBIMU MOJOCKAMH H KaHIe-
JIAPCKHMH CKDENKaMH, OH YCOBEPIIEHCTBOBAl IePBOHAYA/Ib-
HYIO HIEIO IO TOrOo BapuaHTa, KOToph# uanaraercs Huxe. Onu-
caHHe 3TOH MaIlHHBl BlepBble ObIJIO ONYGJIHKOBAHO 3UMAaHOM
B [2]; kpome TOroO, eto 3anuManuch [locton M Byzakok [3] u
Iio6ya u Hiogyp [41.

OCHOBHOH 4aCTbl0 MAlUHBI SIBJAsIETCS Jexallee Ha Jocke
KoJsiecHKo (puc. 1.1), KoTOpoe MOXKeT cBOGOAHO BpallaTbes BO-
KpYr cBoeH OCH; OHO HOIXKHO ObITb HE CJHILKOM THMKE/BIM:
ec/ld TpeHHe, 3aMmefsiioLlee ABHXKeHHe, MM HHepUHs, MOALep-
JKHBAIOLIAs €ro, OKAKYTCA CJAHIIKOM GOMBILIHMH, TO 3TO 3aTeM-
HUT KaK Pa3 Te YepThl B NOBeAEHHH KOJECHKa, KOTOPHIE Hac HH-

21
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Puc. 1.1

Puc. 1.2

{xnamerp 2T

A
N

tepecytoT. K Touke B Ha Kpalo KosiecHKa MPHKPENJISIIOTCS 1Be
pe3nHKH, BTOpoil KOHell U3 HUX 3aKpeNJieH Ha JOCKe B Touke A
LOCTaTOUHO Jasieko oT ueHTpa O KoJieCcHKa TakKHM 06pa3oM,
4TofLl pe3unka BA Bcerma Goiia HaTsHyTOH. BTopofi KoHell
Apyrofi pe3uHKH (Touka C) NpHKpenJiseTcss K yKa3Ke, KOTOpPYIO
Iep:KaT B pyke. (Baarozaps sToMy BO3MOXKHO yNpaBJATb KOH-
oM C ¢ HeGOJBLIOrO PacCTOSIHHA, HE 3acJOHAAS ero or cebs.)
YnobeH Takoil BbIOOp pa3MepoB: pPaldMyC KoJecHKa 3 cM, AJIHHA
orpeska AO 12 ¢M, IiuHa KaxIoH pe3HHKH 6 cM.

HesaBucumo OT Toro, Kak BHOpaHBl palHYC 7 KOJECHKa,
LIHHBl a U b peannok BA n BC (B HepacTsiHYTOM COCTOSIHHH)
1 paccrosiue OA (quinp 6B OHO ObLIO GoJiblue, YeM a--r),
KauecTBEHHas KapTHHA sBJE€HHs OKa)eTcs TakKoH, KaK Mbl ee
ONHChIBaeM HHxe. B 3ToM ¢axTe npospasieTcss CBOHCTBO
~CTPYKTYPHOH YyCTOHUYHBOCTH®, KOTOopoe ML OyieM noapoGHO
00CyXIAaTh Aafblie; 13MeHeHUsl NapaMeTpPoB He NPHBOAHUT K CY-
11leCTBEHHHIM KayeCTBEHHBIM H3MEHEHHSIM B {IOBEJeHHH CHCTe-
Mbl; GoJiee TOUHO 00 3TOM OYIeT CKa3aHO B CBoe BpeMsi. TeM He
MeHee MHl 6yJieM HMETb B BUAY MAllHHY, AJs1 KOTOPOH NPHHSATH
onpesesieHHEE pa3Mepbl; aHaNH3 ee paboThl OyJeT HaMH Npose-
JeH ¢ [OMOLIbI0 uepTexa, MOCTPOEHHOIO KOMIBIOTEPOM
(puc. 1.2). I'losTomy cefluac Mbl MpHBeAeM AeTaJjibHble HHCTPYK-
IIMH /151 MALHHBL, pa3Meprl KOTOPOH B TOYHOCTH OTBEYAIOT 5TO-
MY 4epTexy.

Cnenafite dotokonuio puc. 1.2. YBenHueHHass HIH YMEHb-
lIeHHas KONHsl TaKxe MpHeMJeMa, TaK Kak BbI6op MaciuTaba
He BJIHsET Ha MOBeJieHHe MAlllMHBl U Ha ero aHasau3. [lpHuxaeiite
($OTOKONHIO K JOCKe HJH NJOTHOMY KapTOHY H 3aKpenHte och
kosecuka B Touke O. Tlpuxpenute K KOMECHKY LITHIPEK H3
KEeCTKOH NMPOBOJIOKH NepHeHIHKYJASPHO K MJAOCKOCTH JOCKH Ha
paccrosiiuH r ot O. (YI06HO cliesaTb KOJIeCHKO YyTh HOHIMpE,
MIOCKOJIBKY BaHO JIHILbL NOJOXKEHHe HITBIPbKa, H CMOHTHPO-
BaTb (ITHIPEK 3a0HO C OCbIO, KaK NMoka3aHo Ha puc. 1.3.) Hpy-
roil WTHIPEK NPHKPENHTE NEepNeHAHKYAsPHO JOCKe B Touke A.
Ha ka1oM ¥3 5THX ABYX IUTHIPbKOB BBHITHJHTE KPYTOBOH Xe-
J1060K; 00a xeao6Ka JoJKHB ObITb Ha OJHOH U TOH Ke BHICOTE
HajJ JIOCKOil, MOBBIlLle BHICTYNAIOMeH LLeHTPaJbHON YacTH KoJe-
cuka. Bo3bMHTe KYCOK pe3HHOBOrO LIHYpPa XOPOLUEro KauecTsa
(He csellyeT BbIpe3aTb €ro U3 pe3HHOBOH JIEHTHI, LJIANHAsA pe-
3HHKa TOXKE HEe FOAMTCS; Jydille BCEro HYP KBaApaTHOIo ce-
YeHMsl, HCMoJAb3yeMblli s POraToK HAH IJ1s aBHaMoZeJed).
JauHa wHypa AosxHa OblTh HeMHOro 0osiblue, YeM y4eTBepeH-
Hblfl AMameTp 2r KoJechika B Bawed Konuu puc. 1.2. Ilpukpe-
MHTe cepelHHY LWIHYpPa K WITHIPbKY A, CTAHYB WIHYD HHTKOH
TaK, yTofnl NOJYYHJach MeT/s BOKPYT kesobka (puc. 1.4 (a)).
Ha cnoxeHHOM BIBOe HEHaTAHYTOM LUHYpPe OTMeThbTe TOUKY,
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paccTosiHe KoTopol oT A paBHo 2r. CTsIHHTE 1BYMsl HHTKaMH
NMOJIOBUHBI IIIHYPA TaK, YTOObl OHH TYrO OXBaTbIBA/H WThIpeK B
no xeno6ky (puc. 1.4(b)). Ilpukpernute yKasky B Touke,
pacro/IoXKeHHOH ellle Ha 2r Jajbllie BIOJb DPE3HHKH
(puc.1.4(c)). Hano nocraparbesi, uTobbl paccrosiuie AB 6bl10 B
TOUHOCTH PaBHO 2r; cHadaJja yJOOHO cleslaTh Ha CrHbe IIHYpa
EeTJII0, 3aTeM NPHKPENHTh Pe3HHKH K WITHPbKY B u jie fo-
TOM HajJeTb MOATOTOBJEHHYIO HET/I0 Ha WIThipeK A.

Tenepb MOXHO HaUMHATh 3KCHEPHMEHTH ¢ MallHHOH. Bhl
YBHJITe, YTO €c/d KoHell yKaskH C, Jiepxa ero Ha ofHOH BLICOTe
¢ A Haj J0CKoH, NoMellaTh HaJ TOYKaMH, JleXKalluMH BHE 4eThbl-
pexyroJibHO#i o6sacTu <> (cM. puc. 1.2), To Koslecuko noj jAel-
CTBHEM DE3HHOK OCTaHaBJIHBAeTCsl JIMIIb B OJHOM MOJIOXKEHHH.
Ecsi BLl MOBEpHETE €ro B APYroe MoJloXKeHHe H OTIYCTHTE, TO
OHO ,,IPHLITHET 06paTHO. DTO eAMHCTBEHHOE M0JIoKEeHHEe 3aBH-
ent or C, ¥ aBHoe nepeMelllenne C MPHBOAMT K [IJIABHOMY
H3MEHEHHIO TOJIOKEeHHs KOJIeCHKa.

Eciu e BBECTH KOHEIl YKa3KH BHYTPb o6jacTH <>, To
0Ka3blBAIOTCA BOBMOMKHEIMH JIBA MOJIOXKeHHA paBHOBecHs. [lpu
MraBHOM BXOJie B 06J1acTh < ¢ OAHOHA CTOPOHBI KOJIECHKO IJ1aB-
HO NMPHXOJHT B OJHO H3 3THX MOJIOXKEHHH; NPH BXOJe ¢ APYroi
CTOPOHBI KOJIECHKO MocJsie MoABeleHHs KoHua ykasku C Kk To#
JKe TOUKe OKaXKETCsl B JPYTOM H3 JBYX BO3MOKHBIX IIOJIOXKEHHH.

JIMILb ec/iM BBl YHCTO YMO3PHTE/NbHO CMO)KeTe pellaTh, 4Td
[IpOM30H/eT, eC/H BBECTH YKa3Ky cJleBa uepe3 BepXHIOK HJIH
HHXKHIOI0 CTOPOHY 0BJIaCTH <> H BBIBECTH ee 3aTeM HanpaBo ue-
pe3 BEePXHIO WIH HHXKHIOW CTOPOHY (BCEro YeTbipe BO3MOXK-
HOCTH), BaM He HYXHO H3TOTaB/IHBaTh MAIIKHY, YTOObI NOHSATH,
Kak OHa paboTaer.

Ec/ii BpeMeHH Y Bac MaJjlo, Bbl MOXKETe 38 HECKOJIbKO MHHYT
H3COTOBHTb JOCTATOYHO Y/IOBJETBODHTEJBHYIO C KadecTBeHHOH
TOYKH 3pEHHS MOJe/b, HCIONb3Ysl XKeCTKHH KapTOH, anTekap-
CKHE DEe3UHKH H uepTexHble KHONKH (BCe 3TO BCeraa mofi py-
koi). LleruisifiTe pe3HHKH 3a KHONKY Tak, KakK MOKa3aHO Ha
puc. 1.5, NMpHBA3BIBATE MX K KOJECHKY ,HaMepTBO" HeNb3s,

B

IUTHIPEK

Konécnx‘oj

Puc. 1.3
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Puc. 1.4

Puc. 1.5

Puc. 1.6

@ (b} ©
OHH 3aMlyTaloTcs NpH ero BpaileHnH. [losoxedHe U TouHas
copma 06JIacTH <> MPH STOM HEMHOTO H3MEHSTCS, HO HX MOXHO
onpejeauTb JKCrepHMeHTaabHO., (Kak?)

3 Kauanku

Crenafite dotokonuio puc. 1.6 (Maciutab cHoBa He urpaeT po-
JIM) U HaKJleliTe ee Ha TOHKHH KapToH (TOJIIHHON KaK MOYTOBas
OTKPHLITKa). AKKypaTHO 06pexKbTe M0 KPalo HaPHCOBaHHYIO (H-
TYpy (1ydllle BCETO HOXKOM HJIH Jie3BHeM GPHTBHY). M3aroroBbTe
ApYro# TaKo# ke KYCOK KapTOHa H BBIPEXbTE H3 HEro cepeiH-
HY, Ha PAcCTOSIHHH HECKOJIbKHX CAaHTHMETPOB OT Kpasi. [Ipuro-
TOBbTE LIECRb OJAHHAKOBLIX PAaCHOPOK TPEYrOJbHOTO CEUeHHsI,
JJIHHOH OKOJIO YeTBepPTH BLICOTHl HAUIETo NapabosiHuecKoro cer-
MeHTa (cM. puc. 1.7). IlpuknefiTe HX TOpLAMH K CILIOIIHGMY
CErMEHTY H K KoJiblly (puc. 1.8), moMecTHB 10 0ZHOH pacriopke
B YIVIbI H pacnpele/HB OCTaJbHble PABHOMEPHO; Kpas Iapao-
JIHYECKHX CETMEHTOB JO/LKHBI JISXKATb TOYHO APYT MOA APYroM.
He6o/1b1110#, HO ZOCTATOYHO CHJIBHBIH MArHHTHK C OIHOH CTO-
POHBI KAPTOHKH H HeGONBIIOH KycOdYeK »KeJe3a ¢ APYro# cro-
ponbi (cM. puc. 1.8) 6ynyT yAepxHBaThb APYr APYra HA KapTOH-
Ke, H 3Ty napy JIerko mepemellaTth B J06oe XKelaeMoe MeCTo.

Tak Kak OCHOBHas yacCTb MacChl BCeH KOHCTDYKIMH NPUXO-
IHTCSl HA TMapy MarHUT — jKeJle3Ka, Mbl MOXKEM MPHHAThL 3a
LEHTP TSXKECTH KauaJKH MoJloKeHHe 5To# napul. Eciiv Kauanka
HaXOJIUTCs B HOJIOXKEHHH PaBHOBECHS, TO LEHTP TAKECTH A0J-
XeH OBITb Paclo/oXKeH TOUHO 110 BePTHKAMH Hajl TOYKOH OMOPHI.

B cayvyae koria Kauanka NOKOHTCS HAa TFOPH3CHTAJbHOM
MJIOCKOCTH, 3Ta ILIOCKOCTb GyJieT KacaTe/IbHOH K Halueil mapa-
6oJie, TaK YTO LIEHTP TSKECTH JO/DKEH JIexKaTb Ha COOTBETCT-
Bylole#l Hopmasu (NPSMOH, NPOXOAAILEH Yepe3 TOUKY KacaHHs
NepreHAUKYJIsIPHO K KacaTe/bHO#H). HekoTopele H3 3THX HOp-
Masledl KaKk pas H H3o0paxeHnl Ha puc. 1.6.

OKCepHMEHTHl ¢ KauyalKoH HJH FeOMeTpHUECKHEe Pas3MBbIli-
JIeHHs! Ha OCHOBE HPHBEACHHOrO €e ONHCaHHs JafyT BaM OTBeThl
Ha CJelyIolllde BOMPOCHL:
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(a) Tpu xakuX NONONKEHHAX MAarHHUTa (ec/H TaKoBble BOOG-
me CylecTBYIOT) Kayanka HMmeeT N DPas3jHYHBIX MOJOKEHHH
pasHoBecHa (rme N=0, 1, 2, ... u s Kaxuoro N Bompoc
CTABHTCS! 3aHOBO)?

(b) Kynma Gbl HY NOMECTHTb MarHUT Ha HOPMaJiH, HOCTPOEH-
HOil B 3aJaHHOH TouKe P, LEHTp TsXKeCTH oOKaxkeTcs Hal P
M KayaJjika c omopoll B Touke P 6yjeT HaxoAMTbCA B paBHOBe-
cuy. OJHaKo NpPH OAHHX TMOJOXKEHHAX MarHuTa Ha 3ToH Hop-
MaJll KauaJlka I11ocjie MaslbiX OTKJIOHeHHH OyAeT BO3Bpaliarbes
B MoJio;KeHHe paBHOBECHs (T. e. DaBHOBECHe YCmouvueo),
npH ApYrux oHa GyleT MajaTh, Kak fHIlO, MOCTaBJEHHOE Ha
oCcTpLil KoHell (paBHOBecHe Heycmoiuugo). B uem pasmnune
MeXAY STHMH IBYMsl KJaccaMH MOJOXKeHHH?

(¢) Korma manoe u3MeHeHHe B MOJOAKEHHH MarHHTa NPHBO-
JUT K HOBOMY [OJIOKEHHIO PaBHOBeCHs, JIHHIb CJerka OTJIH-
YaleMycst OT MepBOHAYa/lbHOrO, ¥ KOrJa OHO NPHBOLUT K
TOMY, YTO KayaJlKa HauWHaeT KaTHThbCS (,KaTacTpoduueckoe
u3MeHenHe”, KoTopoe 6e30IH60YHO y3HaeTCA B IPaKTHUECKOM
SKCIEPHMEHTE)?

Tenepb H3roTOBbTE HOBYIO MallHHY, 3aMeHHB TNapaboJy
sasnuncom. Puc. 1.6 3amenuTcst npH 3ToMm Ha puc. 1.9. OTtBeTbTe
Ha Te e TPH BomNpoca.

OnucaHHble MalllHHBl Ja7eKO He TaK HCKYCCTBEHHBbI, Kak
3To MoxeT Nokasatbecsi. OKa3bBaeTcs, YTO OHHM XOPOIUO Moje-
JAAPYIOT WIHPOKHH CNeKTP siBJeHHH B MOBeJeHUH Kopalseit
{ecm. ra. 10).

4 Teopua kavacTpod

CjloxHOe ToBefeHHe PacCMOTPEHHLIX Bhlille MalllHH CBHAeTelb-
CTBYeT O TOM, YTO Ha)ke NPOCTble 3ajlaul KJacCCHYeCKOH CTa-
THKH TasiT B cebe MHOrO ToHKocrell. Dosee rayGokuit anamtua
o6HapyKUBaeT HEKOTOpHle Jexalillle B OCHOBe MaTeMaTHue-
CKHE 3aKOHOMEPHOCTH, MO3BOJSOLIME CTAaHAAPTHBIM 00pa3oM
PacCYHTHIBATH MOBeJieHHe TaKHX CHCTeM, HCNOJb3ysl TpPaJHilH-
OHHLIA ISl TPHKJaZHON MaTeMaTHKH HHCTPYMEHT — NpPHO/IH-
XKeHHe oTpe3kaMH psiia Teislopa. Ho u B 3ToM MeTone Takxe

BO3IMOXHOE IOMONKeHH
MAarHUTHKA ¥ XKej1¢3KH
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Puc. 1.9

3aKJI04eHO MHOro ToHKocTei. I'laBHasi MaTemaTHuecKas 3ajaua
9TOH KHHTH COCTOMT B TOM, YTOOBI BbIpaGoTaTb MpaBHJAbHOE
IIOHHMaHHe TeoMeTPHYEeCKUX H anrefpaHyecKUX METOJOB, HYViK-
HLIX AJIs TOTO, YTOObl 00AMCHbIM 00pa30m 0OpalaThCs C PsfiaMH
Telllopa. DTH MeToIbl, pa3BHThle ORHAXKAbLI, OKAa3blBANTCS
MOLIHBIM CPEJACTBOM AJIsi paspellieHHs LIHPOKOTO Kpyra mnpo-
6JieM, JajieKo BbIXOASLIEre 3a Mpelesbl CTATHKH HCKYCCTBEH-
HbIX MAaILIHHOK, H OTKDBIBAIOT NEepPCNeKTHBbI, HEBEJOMblE MpH
TPaJAHUHOHHBIX METOAAaX HCIOAb30BaHHs psida Tefinopa xak
HCTOYHHKA npubamxKeHHH, onpaBabiBaeMbix post hoc! Ha
NpaKTHKe.

Teopust katacTpod He CBOAHUTCS K ONHOH JIOTHUECKOH HHTH;
CKopee OHa HaloOMHHaeT TKaHb ¢ OeCYHC/EeHHbIMH NepernJieTeH-
HbIMH HHTSIMHM; TYT H (DPU3HUECKasl HHTYHLHSI H 3KCIEepPHMEHT,
reoMerpusi, aarebpa ¥ aHaju3, TONOJIOTHs H TeOPHs OCOOGEHHO-
cTell orobpaxkeHHH M MHOroe Apyroe. 9Ta TKaHb caMa BOTKaHa
B GoJjiee CJOXKHYIO TKaHb — TEOPHIO AHHAMHUECKHX CHCTEM,

3 3apueM uncnoM (aam.).— [lpun. peod,
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[MpaBubHBIA B3rASL Ha TEOPHIO HEBO3MOXKeH Ge3 HalJseKallel
OLIEHKH 8Cex HuTefl W UX B3aHMHBIX CBsidell. DijeMeHTapHEIE Ka-
Tactpodr Pens Toma — 3T TONBKO OiHa HHTh, XOTSl H Ba-
Hasa. To, 4TO cHY CBOAATCS JIHIUb K CEMH CyUleCTBEHHO pasJsiny-
HpiM GopMaM, ABJsETCA HHTPHTYIOUIMM (aKTOM, HO 3TO He
eJIMHCTBEHHOE, 4TO Hac 3llech Oy/leT HHTepecoBaTb. BaxHa He
meopema, a meopus ToMa — COBOKYNHOCTb MaTeMAaTHUECKHX
W (U3HUeCKHX HAeH, KOTOpble JieXaT 3a CHHCKOM 3/eMeHTap-
HHIX KaTacTpod H 3acTaBJ/sioT ero paborarTb.
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MHOTOMEPHAS TEOMETPUS

JIis1 MCTHHHOTO NOHHMaHMs TEOPHH KaTacTpod TpebyeTcs Xo-
poluee OLLyLIeHHe T€OMETPHH NPOCTPAaHCTBA MHOTHX H3Mepe-
HHII, TIOAKPENJIeHHOe COOTBETCTBYIolleH anre6pandyeckoil u aHa-
JuTHYecKol Texuukod. OHO JaeT BO3MOXKHOCTb NIPHMEHSTD Te0-
MeTpHUYECKHH NMOJXON B MHOTOMEPHOM aHa/H3e — BeCbMa BaXkK-
Hoe 06CTOATeNbCTBO, 1103BOJSIOIIEE MOTUBUPOBAThL H YIIPOLLATh
BLIUHCJIEHHS, CBA3HIBAA HX C F€OMETPHUYECKHMH MpeacTaBIeHH-
AMH.

TlepBrie HECKOBKO NaparpadoB 3TOH T/1aBbl MOCBSIIEHb! 06-
30py HeOOXONMMBEIX (DaKTOB M3 JIMHeHHOH anreOphl, NpeacTas-
JIEHHBIX C TeOMeTPHYECKOH TOUKH 3DeHHs, YacTO OTCYTCTBYIO-
uell B yueGHHKax 1o ,Teopuu matpuu®. (bosee noapoGioe
reoMeTpHueCKOe H3JIOXKeHHe, € JI0Kas3aTe/JbCTBaMH H TOpasio
66bIIHM YHCJIOM KapTHHOK, MOXKHO HaiTH y Hoxacona u Tlo-
ctona [5], rae, KpoMe Toro, usnaraeTcs B TOM JKe JlyXe H reo-
MeTpHsl MHOIOMEPHOro aHa/H3a.) 3aTeM Mbl Je/laeM HallH Iep-
BbIE, ,,K/J1acCHUeCKHe" [1ard B TeopuH KaTactpod. M3 Bceit sTo#
Teopuu Gosblue Beero Oblia paspek/iaMHpOBaHa TeopeMa KJac-
cudHKallMH, YNOMSIHYTas BblIE H paccMarpHBaemasi HaMH B
rJ. 7: ¢ TOUHOCTbIO 10 NOAXO/sILIeH 3aMeHbl epeMEeHHBIX HMEeT-
cfl JHIIb HeGOJIBbILOe YHCJIO CTAHAApPTHBIX (OPM, ,THHHYHBIX
715t MHOTHX siBaeHHil. TakuM o6pa3oM, KOOPJAHHATHbIE 3aMeHbI
HI'PalOT KJIOYeBYIO POJIb B HallleH TeOPUH. 31€eCh Mbl IIOKaxKeM,
KaK paboTaloT AuHelHbie 3aMeHbl, IPUBOLSILIIE NOAUHOMUANbHbE
(YHKIMH K CTaHJapTHBIM BbIPaXKEHHSIM, YHCJIO KOTOPBIX HeBe-
JIMKO. 310 OYJAET CNYXKHUTb OJHOBPEMEHHO H XapPaKTePHbIM Npil-
MepoM ,KJacCHQHKaUHH“, KOTOpble 3Ta TeOpHst MO3BOJsIeT No-
JYYHTb B ropasfio 6oJiee CJAOXKHBIX CHTYAlHsAX, H B TO Ke Bpemst
CyIecTBEHHOH cocTapJsomed Beero janabHedero. B 3naun-
TeJIbHON YacTH KHHTH Mbl Oy/JeM 3aHHMaTbcsl cBeAéHHeM GoJce
ofmux npobaeM K TeM, KOTOPhe PellaloTcsi B 3TOH rJlaBe.

1 TeopeTuko-mHoOMecTBEHHbIe 0BO3HaUeHus

Ham Gyaer yao6HO HCHOJIb30BaTh HEKOTOPHIE 3JeMeHTapHbIe
HOHSITHSI TeOPHH MHOXKeCTB. MHOM#ECmB0 ~~ 3TO COBOKYIHOCTD
061beKTOB (IIPOM3BOJILHOM TPHPOAbI); 3TH OObEKThl Ha3bIBAIOTCS



§ 1 TEOPETUKO-MHOMXECTBEHHbBIE

apemMenmamy WIH MOYKAMU MHOXKeCTBa, 3allHCh
xeX

03HayaeT, YTO X €CTb 3JleMeHT MHOxecTBa X. MHoOxecTBa, Ko-
Topbie MBI OyJleM paccMaTpHBaTh, OGBIYHO GYAYT MHOXKECTBaMH
TOYeK B MHOrOMEPHOM INIPOCTPaHCTBe. MHOXeCTBO, He cofep-
xarlee HH OJHOTO 3JeMeHTa, HAa3bIBAeTCS HYCHibiM.

ToBopaT, uTO MHOMXKECTBO X €CTb MOOMHONCECHBO APYroro
MHOXeCTBa Y, eC/lH KaXKJAbiH 3/7eMeHT X SABJSAETCst 3JeMeHTOM

Y. Mul nuiieM B 3TOM cJydae
XY

H TOBOpPHM Takxke, uto X codepscumcsa B Y WM uto Y codep-

acum X. MHOXeCTBO BCeX 3JIeMEHTOB X, J/Isi KOTOPHIX BBINOJ-

HEHO JaHHOe CBOHCTBO WM ycjoBue P (x), o603HauyaeTcsl Tak:
{xIP(x)}.

O6vedunenue NBYX MHOXKecTB X H Y onpefesisieTcss Kak
XYyY={x|x€X umu x€Y},

a UX nepeceveHue — Kax
XnY={x|x€X u xeY}.

M3 npou3BoNBLHEIX 3JEMEHTOB X, Y MOXHO 00pa3oBaThb yno-

padouernyio napy (x, y); NpH 3TOM (x, y¥)=(u, V), €C/H H TONbKO
ecld x=u H y=vu. [lexapmoso npoussederue NBYX MHOMKECTB

X n Y onpenensiercs no ¢gopMyJe
XY ={(x, y)|x€X n yeY}
Mo pcrnionb3yeMm cTaHAapTHoe obosHaueHHe R a/s MHOXe-
CTBa BCEX BellleCTBEHHBIX 4HCeJ.

(0,),2)

(('1:0)7%)

OBO3HAYEHMA 29

Puc, 2.1
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FNABA 2 MHOTOMEPHAS FTEOMETPUA

IlekapToBbl NMpPOHM3BeJieHHsl JOMYCKAIOT TeOMETPHYECKH Ha-
LJIsSAHOe HcToJKOBaHHe. Hanpumep, ecan R*=RXR u

X={(x, yeR|¥+y =1},
Z={2eR|1 <22},
To X XZ MOXHO NpeACTaB/ATh cefe KaK MHOXKECTBO TOYeK (X,
Y, 2) B TpexmepHOM npocTpaHcTBe R?, umeiouiee Buj GeKkoBoil
nosepxHocTH uuiauHiapa (puc. 2.1).
Bosiee ofmuM siB/sieTcsl MOHSTHe YnopsaloHeHHO20 Habopa
H3 A JIEMEHTOB (WJH R-KU)

(xb Xay + o > xn);

€r0 MOXKHO CYHTATh NpHHAAJIEXAIIHM K KDPATHOMY A€KapTOBY
[IPOHU3BEJICHHIO

XiX XX, .. XX,.

OnHo U3 caMbIX BaxKHbIX Vs HAac HOHATHH — MOHsTHE (YHK-
uuu. Tlyere X u Y — MHoxecTBa. Dyuryued [ ¢ obracmoro
onpedesrerus X u obaracmero 3Haveruti Y HasblBaeTcs BCsSKoe
NpaBUJIO?', KOTOpOe CTABHT B COOTBETCTBHE KaxjaoMmy X € X
HEKOTOpbIH eduxcmeerroll sniemeHT f(x) € Y. Oynkuuu nasm-
BAIOT TaKxke omobpacxceruamu. Mpl nuiuem

f: X>Y
H YHTaeM 3Ty 3alHCh Tak: ,,f ectb pyHkuus 13 X B Y. T'oBopart
Takxe, uto [ omobpasnaem X B Y u nepesodum x B f(x). Korna
peub HAET O AeHACTBHH [ HA s4emeHmbl, MBI HCIIOJIB3YeM APYroro

BHAA CTPeJKY, a HMeHHO nHuleM x+—> f(x). Obpasom f(X)
G&YHKUHH [ HasblBaeTcsi MOAMHOMKECTBO

{fx)|xe X}

B Y. O6pas3 f(A) noamuoxectBa A= X omuocumeasHo (Wi npu)
f onpenensiercsi Kak

{f ()] x€ A}
Hanpumep, ¢yHKOHA
sin: R —R, x+—>sin(x)
nepeBogHT x B sin x. Pynkuusa In, nepeBoaswmas x B In x,
ofnpefiesieHa TOJNBKO I/ MOJOXKHTENbHbIX X. TakuM obpasom,
In: {x€R|x>0} —R, x—>Inx

1 MoxeT GbiTh AaHC H GoJiee CTporoe onpefiesieHHe, HO JUIsi HALIMX Uesei
OHO He noHajobutcsa. CMm., Hanpumep, Crioapt # Toaa [6].



§ 1 TEOPETUKO-MHOMECTBEHHbBIE OBO3HAYEHWA

ecThb (PYHKIUsI, 061acThIO ONpefe/ieHHst KOTOPOH CJYXKHT MHO-
KECTBO TOJIOKHTENbHLIX YHCe.

B Boibope 00/acTH 3HauyeHHH HMeeTcsi ollpefieleHHast CBO-
6ona. CkaxeM, MOXKHO CUMTAaThb, YTO sin uMeeT 00/1aCThbiO 3Ha-
yeHU# He R, a

{xeER|—1<Cx <1} =sin(R)

HWn Jmo6oe Apyroe MHOXKECTBO, cOAepxKallee 3TO MHOXKeCTBO.
O6biuHO BHIOMPAIOT TY 0o0JacTb, KoTtopast ynoGHee.

B TpaauuMOHHBIX Y4eOHHKaX (PYHKIHMH ONpeleNsiOT TaKH-
MH, HalpHMEp, CJOBAMH: ,pacCMOTPHUM (YHRIHIO [(x)=x%".
Mel B 3TOM cayuae GyiaeM roBopHTbh 0 ,4QyHKIHH f: R — R,
Kotopasi TnepeBoAHT X€R B x2€R". D10 nosBojseT HaM
HCMOJIB30BATh CJIeTKa HEeTOUHbIH TPaAHUHMOHHBLIN SI3BIK TaM, rje
BCE SICHO, COXPaHss B TO XKe BpeMst 3a coboil npaBo GbITh GoJlee
NeJaHTHYHBIMH, ec/id OJarofapsi 3TOMY MOXKHO H30exaTb JIBY-
cvpicnieHHOCTH, Ha TpaiMuHOHHOM si3bIKe X YAcTO HMEHYIOT
(He3aBUCHMOH) nepemeHHod, W STOT TEDMHH MBI YAEDKHBaeM
Kak yno6ubifi. (3HaueHue y={(x) B TPaAHLUHOHHO! TEPMHHOJIO-
THH Ha3bIBAeTCsl 3aBHCHMOH NepeMeHHOH; 3TOr0 TePMHHAa Mbl
H3beraeM, XOoTsl U ocTaBJisieM 3a coCOH NPaBO HCNOJbB30BaTh 1O
OTHOUIEHHIO K Y CJIOBO ,JlepeMeHHasi®.)

O pyHKyuAX HECKOAbKUX NnepemerHblx Mbl TOBOPHM, KOTJa
HMeeM B BHIY QYHKUHH, 06JIACTBIO ONpejieseHHs] KOTOPLIX cy-
JHUT JleKapToBO mpoHaeefieHHe. Tak, roops o QyHKUHH ABYX
NepeMeHHBIX

f(x‘ y):x2+y2’
Mbl HMeeM B BHAY GQYHKUMIO ¢ objacTblo onpeflenenus R X R
u obmacthto 3HaveHMH R, nepemoasumyio (x, y) ERXR B x2+
+y*. OyHKUMS n nepeMeHHbIX — 3TO NMPOCTO (PYHKUHS

fi XaXX X, .. XX,—=>Y,
KOTOpast IEPEBOAUT (X, . . . , X,) € X X. . . XX, Bf (X, . ..,

X)€Y

fyers f: A—> B u g C— D — e ¢yukmun. Ecam
f(@) €C ans Bcex a €A, TO MBI MOXKEM OMNPEAETIHTb KOMNO3U-
yuro gof 3THX dyHkui no dopmyne
gof@=g(f(a).
Takum obpasom, gof asasercs yuxumedt us A 8 D, B vacr-
HOCTH, KOMIIO3HUMs Bceria onpejiejieHa B caydyae B=C,
Ecau f: A — B u g: B— A TaKoBhl, 4YTO
g(f(@)=a,
fgb)=b

3
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FNABA 2 MHOTOMEPHASA TEQOMETPUA

Xty
f’ - /
Yo~ //
/ /
/ /
/ /
/ /
/ _Ax
//’/
(@
3x
2x
3
x 7%
=X ®)
Puc, 2.2

AJst BceX a € A, b€ B, To MBI HasbiBaeM g o6pamuoti (hynkyuel
K [ ¥ nuieMm

g=f*
(OtmeTuM, 4TO MHOrHe H3 TPAAHUHOHHBIX ,,00paTHBIX (YHK-

Hi“, TaKNX Kak arc sin, JH60 BOBce He IBJIAIOTCA (DYHKIIHAMH
B HallleM CTPOrOM cMbicsie (6yAy4uH ,MHOTO3HAaYHBIMH®), J1HOO
NOKHLI ObITh OnpelefieHbl Ha aKKYpaTHO MNOAOOpaHHBIX 06-
Jactsx.) Jlaxe ecln f u He UMeeT o0paTHOH (GpYHKIHMH, Mbl HC-

nojb3yem obOO3HaueHHe
[=1(Y)

IJ1s1 MHO)KecTBa Bcex a € A, Takux uto f(a)€Y; 3mech Y —
NPOH3BOJIbHOE TOJMHOXECTBO B B.

Ons XA Mbl onpenensieM Ozpanuverue (WIH Cyixcerue)
¢yukuuu f Ha X Kak QyHKUHIO

flxﬁ X — B,
/sl KOTOpOH
fx(@=/ (a).

Ona oryinyaercs OT f TOMBKO TeM, YTO ONpefesieHa Ha MeHbIIeM
MHOXKeCTBe.

(JdanbHele CBefleHHsT OTHOCHTE/NLHO 3THX MOHSATHH H, B
YaCTHOCTH, HETPaJHIUOHHBIX O0O3HAUEHHH U TEPMHHOJIOTHH
MOxkHO HalTH B KHure Cricapta u Tosia [6].)

2 DBKNMAOBbLI NPOCTPAHCTBA

INpoctpancTBa BLICOKOH pa3MEpHOCTH H3y4alOTCsl ¢ MOMOIILID
clenymomero o0o0IeHHsT ,KOOPAHHATHOH reoMeTpuu®. J[las
Jto6oro nesnoro nz=0 Mbl onpelie/sieM n-MepHoe 36KAU0080 npo-
cmpaHcmeo Kak

Re={(xy, ..., %) |x;€ER mna i=1,..., n}=
=Rx...xR. 2.1
Y 106Ho HcNoMb30BaTh COKpallleHHoe obo3HaueHHe
x=(X1, ..., Xn),

MpH 3TOM X; Ha3biBaeTcs ({-H) Komnowenmod WJIH KOOpOUHQ-
mot x.

Hnsa x, y€R® u A€R MBI onpelensieM CA0KeHUE U YMHO-
weHue Ha crkaarap A dopmyaMu

x+y=0 4y, +er X+ Yu)
Ax=(Axy, ..., Ax,);



§ 2 3BKNIMAOBLI MPOCTPAHCTBA

Ranee 6ynem nucath 0 Bmecto (0, . .. , 0). TH onepauuu Ha-
nessiior R” cTpykrypo# 3eu4ecmeeuuoeo 8eKMOpPrO20 NPOCMPAH-
cmea. Vimest B BUAY 3TY CTPYKTYPY, MBI OyJleM HaskIBaThb TOUKH
R® gexmopanmu.

B R? u R® ykasannble onepauuH AONYCKAaIOT reoMeTpHYe-
CKYI0 HHTephpetauuto. CloxeHHe OTBeyaeT ,IPaBHAY Napal-
Jenorpamma“ (puc. 2.2 (a)), a YMHOXKeHHe Ha CKaJsip — H3Me-
HEeHHIO MacluTaba (M HamnpaB/eHHs, B CJydae OTPHILATENTbHOTO
ckasspa) (puc. 2.2(b)). Ilo aHaMHTHH MBI MOXEM MPEACTABHTD
cefe TakHe XKe TeoMeTpHueckue onepanuu B R*; 310 oxHUB/seT
A3HK, HO TpeOyeT KaxkAbIH pa3 ajarebpaHdyecKod MPOBepPKH TO-
To, UTO OXKHJaeMble CBOHCTBA JeHACTBHTENbHO CIPaBelIHBHL
B uacTHocTH, Jsis JiroGoro x=~0 MHOXKeCTBa BCeX TOYEK Ax
(A € R) HasmBaeTcst npamot (aunueil), npoxoasuell uepes 0
H x; Touka ( HasbIBaeTCsl Hauaaom (KoopOuHamnt).

[Toonpocmparcmseom B R" HA3BIBAIOT BCSIKOE MOAMHOXKECTBO
W, ofaanamollee CAEAYIOUHMH CBOHCTBaMy;

ecad x, yeW, 1o x+yew; (2.2)
ecad XEW u AER, To AxEW. (2.3)

Yro6bl MOHATH, YTO 3TO O3HAYAaeT TeOMEeTPHUECKH, PacCMOTPHM
cayuail mpocrparctBa R3. ¥YcaoBue (2.3) rOBOpHT, 4TO €CJH
x € W, To u Bcsa npsaMasi, NpoxoAasiuias depe3 x U 0, JeXHUT B
W; ycaoBue (2.2) TOBOPUT, YTO BMECTe CO BCAKHMH ABYMS TOY-
KaMi, JexamuMu B W, B W JIeXKHT TakXke U BepLIHHA COOTBET-
CTBYIOLLEro MapaJiiegorpamma. Bo3MOXKHO HeCKONBKO Cay-
4aes.

(a) W={0}. 210, KOHEUHO, MOANPOCTPAHCTBO.

Ecnu W=={0}, To moxxHo ykasath B W touky x#0. Torna
npsaMas, npoxoAsilas depes x H 0, Takxke JexuT B W. Eciau
aToil npsiMoil Bcé W M HcuepnEIBaeTCs, TO

(b) W={MxIA€R} — npsamasi, npoxoaswas uepe3 O.

2 T. Mocron, H. Crioapt

Phe, 2.3
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rMABA 2 MHOTOMEPHASA TEOMETPHA

B npoTHBHOM ciyuae cyliecTBYeT Touka y € W, He Jekaluas
ua npsmoil {Ax}. Torna npsimasi, npoxoasiuas yepes 0 u y,
AexxuT B W, paBHO Kak ¥ BepIIHHBI BCeX MapaJliesorpaMMOB
CO CTOPOHAMH Ha 3THX JABYX NPSMBIX, T. €. TOUKH AX—+uy AJd
A, n€R. SlcHO, 4TO MBI MOJNYYHM TaK BCe TOYKH MJOCKOCTH,
npoxozsier yepe3 0, x v y (puc. 2.3). Ecin W aTHM Hcuepnsl-
Baetcs, TO

(¢) W={Ax+uylA, p €R} — nyockocTb, NpOXoAsllas Ye-
pe3 O.

Hakonen, W MoxeT coiepaTb Kakyto-HHOYAb TOYKY 2
BHe 3ToH nusiockoctd., KapTHHKa, NofoOHas M300pa)keHHOH Ha
pHuc. 2.3, HO ¢ TpeMs MPSMBIMH H C MapaJJe/enuefaMH BMeCTO
napaJijielorpaMMoB, MokasbiBaeT, 4to W={Ax+ux+vziA, pu,
v ER}=R® CaenoBateqbHO, NOC/JeAHAs BO3MOXHOCTb Ta-
KOBa:

(d) W=R3.

Wrak, noanpocrpancrBa B R® — 370 sin60 ToukH (HauaJo),
Ju6o TmpsMas HIAM [JOCKOCTb, cojep:kallas HayaJjo, Jubo
camo R®. MHTYHTHBHO 3TO ,JIOCKHE” MOAMHOXKeCTBa, COAEPKa-
uHe HayaJo, H HX MoxkHO (B R®) kiaccHHuHpoBaThb Tak:
HYJIbMEpHbIE (OHO JIHIIb HauaJo), ONHOMEepPHEIe (psMbIe), ABY-
MepHble (MJI0cKocTH) H TpexmepHble (R®). UToOb 0606WHTL 3TH
MOHATHSI H CAeNaThb HX TOYHBIMH, BBENeM HEMHOro ajreOphbi.

MHuoxecTso Touek {v!, v3, ... , 0"} ER® aunelino-3asucu-
MO, eCJIM CYLIECTBYIOT TakHe CKaJlsapsl Ay, Aa, ... , A, He
BCe paBHBIE HYJIO, UTO

Mot .. Aur=0. (2.9)

EcaH TakuxX A; HeT (WM, HHaue TOBOpS, €CJIH M3 YKa3aHHOro
paBeHCTBa BbITeKaeT, 4TO BCe A; PaBHBI HYJIIO), TO pacCMaTpH-
BaeMOe MHOXKECTBO TOYEK HAa3BbIBAETCH AUMELUHO-HE3ABUCUMbIM.

[eoMeTpHUYeCKH, ABe TOUKH JIHHEHHO-He3aBHCHMbI, €C/IH HH
OJIHa M3 HHX He JIEXHT Ha NPsIMOil, NpoXoasilell uepes APyrymo
u 0; TpH TOUKH JIHHEHHO-HE3aBHCHMBI, eCJ¥ HUKaKas U3 HHX He
JEKHT Ha IJIOCKOCTH, NpoXojsiledi yepe3 aBe Apyrue H 0,
H T. A

ToBOpSAT, 4TO MHOXKECTBO TOYEK U*, v%, . . . , U noposxcdaem
noanpocTpanctBo W, ecaH KaxAbld 3JeMeHT U3 W Moxker ObiTb
3aNHCcaH KakK AuHeliHas Kombunayus

AV A4 .. A Ay ooy M ER)
1 ecJIH Bce TaKHe JHHelHble KOMOHHauuY Jexat B W (uau, sk-

BHBaJIeHTHO, KaxJas Touka v’ jiexkuT B W), Basucom noanpo-
cTpancTBa W HasblBaeTcsi BCSKOE JIHHEHHO-HE3aBHCHMOE MHO-



§ 3 JIMHEHHbLIE NPEOBPA3OBAHMA

XeCTBO 3JIeMeHToB, nopoxiatwee W. Pasmeprocms W — 3To
YHCJI0 3JIeMeHTOB B Oaslce (BaxKHasi TeopeMa yTBepXJaeT, YTo
3TO YHCJIO He 3aBHCHT OT BhiOopa 6asuca). Kpome Toro, npuHu-
Mmaetcs corJqamenre, uto {0} umeer pasmeprocts 0. las pas-
mepHocT# W wucnosnb3yercst obo3HaueHHe *

dim W.

HMuorza Ham npHaeTcst o6pallaThCsl K OECKOHEUHOMEPHOIM
NpPOCTPaHCTBaM, T. €. TeM, B KOTOPHIX HeT KOHeyHoro Gasuca.
(Hanpumep, TaKOBO NpPOCTPAHCTBO BCEX MHOTOUJIEHOB OT X:
B JII0OO0OM KOHEYHOM Habope MHOTOYJIEHOB HMeEeTCsi MHOTOYJIEH
HauboJsblllell cTeleHH, CKaxeM CTelleHH R, H yxe x**! Henh3sd
NpPEJCTAaBHTb B BHJE JHHEHHOH KOMOHHAllHH MHOTOYJIEHOB H3
storo Hatopa.) Ho Gosbluefi yacThblo HaM ypactcsl H3GexaThb
TEeXHHYECKHX OCJOXKHEHHH, KOTOpble 3JeCh BO3HHKAIOT.

MoxHo 10Ka3aTb, YTO pPa3MEPHOCTb NPOU3BOJLHOIO TOJA-
npoctpaHcTBa W B R® JomHa yHOBNeTBOPSITH YCJOBHIO

0<dim W<Cn

H uTO J06asi pasMepHOCTb B 3TOM JHana3oHe AelCTBHTENLHO
peasiusyercs IpH COOTBeTCTBYyloLleM BriGope W. Kak npaBuJo,
BoiGop W HeenuHcTBeH, Ho ecan dim W=0, To W={0}, a ecnu
dim W=n, to W=R". Pasnocts n—dim W HasuiBaioT kopas-
meprocmero nopnpoctpaHctBa W B R”. Kobasucon W B R®
HasblBaeTCsi BCsIKOe MHOXKECTBO BeKTOpOB 0!, ... , v/, ofpa-
3yiollee BMeCTe ¢ HeKOTOPHIM 6a3ucoM Ansi W 6asuc anst Bcero
R=. SlcHo, uTo r HoMKHO paBHsATbCSl KopasmepHocTH W. Iloa-
yepKHeM, YTo KobasHc, Kak U 6a3uc, He onpejiesleH 0JHO3HAYHO,

3 Jluneitnsie npeobpasoBsaHus

Jluneiinoe npeobpasosarue (MM auxellnoe omobpadsiceHue) u3
R" B R? — 310 PyHkius f: R* — R*, o6nanarowias cBoicTBaMu

[ty =Fx)+[ (@), [(Ax)=rf(x)
s Beex x, y € R?, A€ R. Uro6wt HaliTH OOLLHE BUI JJHHEHHOTO
npeobpa3oBaHHsl, BeiGepeM 6asucel 4!, ..., u® B R* u o,
..., v™ B Rm™ 3Hauenue f(uf) Mg KaKAOTO [ €CThb HEKOTO-
pblil 37eMeHT H3 R™, M JOJ/KHBH CYLIECTBOBATbL CKaMlsIPHl Ajj,
TaKHe 4TO

F)y=r + .o Ayom = A0/, (2.5)
i
Kaxapil siemeHT H3 R” eAHHCTBeHHBIM 06pa3oM NpejcTaBJseT-
csl B BUJIE
x=Ypul (n; €R),

1 dim — ot dimension (paamepHoctb).— Ilpum. ped.

2¢
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(o))

40

{a.p)

.3

Puc. 2.4

H TIO3TOMY
F = (2w = 2wl @) = Zpihyol.

Takum o6Gpa3oM, Jioboe JHHeHHOe NpeobpasoBaHHe HMeeT Ta-
Kol Bua. JIerko nposepuTh H o6paTHOe: BCsiKoe npeo6pasoBa-
HHe, NPeACTaBHMOe B TaKOM BHJE, fABJSETCS JHHEHHLIM, KakHe
6bl cKasspbl Aj; Mbl HH B3siJH. (PH3HKH, 3ameTbTe, Noxanyi-
CTa: Mbl HHKOT/1a He CYMMHpYeM I10 [OBTOPSIIOLIMMCH HHIAEKCaM
6e3 ABHOTO YKa3aHHsi Ha TO MOCPEACTBOM 3HaKa X.)

O6biuHo yaoGHee Beero BelGHpaTh B R* cmandapmubiil 6asuc

w=(1,0,0,...,0),
w2=(0, 1,0, ...,0),

u=(0, 0, 0)
# aHaJOruyHo BLIGMpaTh v/; Torza

x =Zl‘*iu[=(l‘«v Pay = vey Hn)’

T. €. W; OKasblBAlOTCS KOOPAHHATaMH X, KOTOpble Mbl OGBLIYHO
3alnHchiBaeM Kak X;. IaMeHHB TakHM 00pa3oM 0603HaueHHs, MH
HMeeM

i(x19 LECEE N | xn)=(?"11x1+~ . ~+}V1nxn, LRI }"mlxl’*‘
+.oFA LX),

Uro coboil npelicTaBaseT JHHEHHOe 0OTOOPaKeHHe reoMeTPH-
yeckH? YTo6bl pa3o6paThbcsi B 3TOM, BO3bMeM CaMbli JIETKHi
cayuait: f: R? — R2. [lyctb (cM. pHc. 2.4)

[(1,0)=(x, B),
FO,)=(, 9).

Toraa, manpumep, f(l, 1)=(a+y, p-+06). HelictBue orobpa-
XKeHHus1 [ CBOAHMTCS K ,[lepeKalldBaHHIO" JIOCKOCTH, [IPU KOTO-
poM npsiMble, NPOXOAsAlLIHe Yepe3 HayaJo, NEepPexoisT B TaKHe
XKe npsMble, a KBaJpaTbl NepexolsaT B MNapaJJelorpaMmbl
(puc. 2.5(a)). Tounee, Tak OGCTOMT fesio, Korja ToukH (x, f3)
H (y, ) anHeHHO-He3aBHCHMBI. Ec/H OHH JIMHEHHO 32BHCHMBI
(1o He coBnajatot o6e ¢ 0), To f orobpaxaer R* B HEKOTOD VIO
npsaMyil0 JIMHHIO, TaK CKasaTh, CIUIIOLIMBaeT IJIOCKOCTh
(puc. 2.5(b)). Ecin a=P=9=08=0, 1o [ nepeBoAHT n0cKOCTD
B Hayago (puc. 2.5(c)), cnoliyuBas ee OKOHYATEJNBHO.
AHaJOTHYHO OOCTOMT €0 H AJsi oToGpaxeHHH R® — R3,
Rz — R3, R® — R?; nosToMy Mbl Jwfoe JHHeHHOe npeobpa-
30BaHHe (laxe U B caydae GoJlee BHICOKHX pasMepHOCTeH) npea-
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cTaBJisieM cefe Kak CKallMBaHMe, KOTOPoe MNpsIMble, MPOXOAs-
IHe Yyepes HayaJlo, NEPeBOAUT B TaKHe e NPsIMule (MHOrOMEp-
Hble) KYObl — B (MHOTOMEDHBIE) MapaJiie/enunespl.

BosBpamasice k otobpaxkenusm f: R? — R2, sameTum, uTo
kKoraa R? orofpaxkaeTcd B NpsSIMYI0, Kaxiaas TOYKa 3TOH no-
crenned cayxHT o6pasoM weJol npsmoH; ecau f orobGpaxkaer
Bcé B 0, To () oxasbiBaeTcsi 06pa3oM LesIOH MJIOCKOCTH; €CJIH Ke
{ orobpaxaer R? Ha cebs1, TO KaxKJAasi TOUKA €CTb 06pa3 POBHO
ofHo# Touku. I'py6o rosopsi, uem GoJbllle CHJIOLIHBaHHE (B
CMBIC/IE Pa3MepHOCTH), TeM O00Jibllle TOYEK CILIIOUIHBAETCA B
OJHY (B TOM e cMbicsie). UToObl BBIPA3suTb 3TO HabJIOAeHHE
nopofamouM o6pa3oM, onpelenuM paxz otobpaxenus [ Kak
pasmepHocTb ero ofpasa f(R*)={f(x)ix€R*} u depexm f
Kak pa3sMepHOCTb ero sdpa

{xeR"[[(x)=0}

Tenepr MOXHO J0Ka3aTb, YTO PaHr oToOpaxeHHs f MJOC ero
IeekT paBHsieTcs n. DKBHBaJeHTHOe YTBepxKIeHHe, 3a4acTyio
Jiyuille BCKPHIBaIOllee TreoMeTpHuYecKoe CYILECTBO Jena:

KopasMmepHocTh (s4po (f)) = paHr (f).

Mg roBopuM, 4TO oToGpakeHue f obpamumo (HIu HegbLpOC-
OexHO), eclTH CYLIECTBYET ofpamuoe JuHellHoe oToOpaxkeHHe g:
R=» — R”, Takoe 4To f(g(x))=x Ana Bcex X € R™ u g (f(x))=x
s Bcex x € R™. 310 UMeeT MeCTo, €C/IH U TOJIBKO eCJIH m=n
M paur f Toxe paBeH n, WJIH, 5KBHBaJIEHTHO, JedekT f paBeH
nymo. Takum obpasoM, 3HaHHe paHra NO3BOJsET CKa3aTh, Ha-
CKOJIBKO AaJeKo [ OT 00paTHMOCTH, HJIH HAaCKOJIBKO CHJIBHO OHO
CIVTIOIMBAET TOUKH — HACKOJIBKO OHO 86/D0XC0eHO.

© (®)

Pre. 2,8
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Hcnonb3ys 3TH coo0paxeHHsl, MOXHO JaTb KJjaccH(HKa-
[IHIO JIHHEHHLIX OTOGPaKEHHH ¢ TOUHOCTBIO [0 3aMEHbl KOOD/IH-
HaT. Ecay f: R® > R — siHHefiHOe HeHYJieBoe 0TOGDAaXKeHHe,
TO ero paHr paBeH 1, a JepekT n—I1. Beibpas xakoi-HHOYAb
6asuc v, ..., U*"! IJI4 f1pa ¥ JONOJHUB ero Jo 6asHca B R®
BEKTOPOM U™, 1JIsi KOTOpOro f(v*)=1, Mbl HaiiieM, 4To f'3aj1aeT-
Csl paBeHCTBaMH

f(vi)=0’ l<l<ﬂ-—-1,

f)=1.
Eciu g — 1Ipyroe HeHyJeBoe JiHHefiHoe oToOpa:keHHe H3 R”
B R, To To e BepHO H AJIsi g 10 OTHOLIEHHIO K HeKoTopomy Ba-
3ucy ul, ... , u", 3HauuT, mepexox or Gasuca {vf} Kk Gasucy
{u’} obecneunBaer oaMHAKOBYIO 3anuch s f v g. Cnenosa-
TeJbHO, Bce HeHYJieBble JIHHeHHble 0TOGpaxKeH s BBITVIASAT OfH-
HaKOBO C TOUHOCTBIO JO 3aMeHbl KOOpDAHHAT, a Bce HYJIeBble
npocto cosnadarom; KaacCH(HUKaLHs 3aKOHUYeHa.

AHanoruuHelM 06pas3oM [OKasbiBaeTcsi, UTO ecqd [ H g —
orobpaxertsi R® — R ¢ 00num u mem ste sOpom, T0 OHY TONY-
yatorcs APYr M3 Apyra YMHOXKEHHeM Ha cKaJsap.

4 MaTtpmupbl

Tenepb MbI NepeliieM OT TeOMETPHUECKHX acleKTOB K BbIUHCJIH-
TeJbHbIM. ['OBOPAT, YTO CKaJsipbl Aj;, KOTOPbIMH Onpejie/isercs
J¥HelHoe oToOpaKeHHe NPH 3alaHHbIX IBYX 6asHcax (cM. (2.5)),
o6pasyioT mampuyy oToOpa)KeHHs! o OTHOLIEHHIO K 3TUM 6a3H-
caM; oGbIUHO HX 3aMHMCHIBAIOT B BHJAE NPSIMOYroJbHHKA

(—}"11 }"12 A }"ln
Aoy Ay e Ay,
:(}‘ji)i<m, i<n.
L.}"ml }‘mz s 7"mn__]

310 MaTpHUa pasmepa mXn WIH (mXna-mampuya) ¢ m cmpo-
Kamu W n cmoabyamu. MaTpuubl upe3BblYaliHO YAOOHBI A/
NpoBefileHHs] BHIUHC/AEHHHA ¢ JIHHeHHBbIMH MNpeoOpa3soBaHUSMHU.
Has sauHeiinbix npeo6pasoBaHuit f: R* — R~”, g: R*» —R=
u h: R™ — R? Mbl onpefiesisieM YMHOXeHHe Ha CKaJjfdp, cJio-
JKeHHe U MpOHU3BeleHHe (KOMIO3HLHIO) PaBeHCTBaMH

(@f)(x)=af (x), '
(F+g)x)=F(x)+g ),
hef (x)=h (f (x)),



rie x€R®, a €R. PuxcupoBaB Gasucel u?, u?, ..., u® ajas
Re, o, 0% ..., 0" maa R2 u wt, w? ..., wP aas RP,
MBI MOXKeM CJELYIOUHM 06pasoM [ePeHeCTH 3TH OllepalHH Ha
MaTpHubl (Aj;), (Kj;) H (Vij). YMHOXKEHHIO Ha CKaJlAp H CJIOxKe-
HHUIO OTBEYaloT (OpMYJIHl

a(h;;) = (ah,;) (z€R),
Ajo) ) = Ay pyp).

BoJiee HHTepeCHO YMHOXEHHE MaTpHI, OTBeuallllee KOMIIO3H-
IHH AHHeHHBIX NpeoGpa3oBaHHid. MaTpuunl A1a f u A onpese-
JIAIOTCA paBeHCTBaMH

fluh) = X0/,
i
h(v/)=,§ B gk,
Toraa
hol()=h (2} 7»/,-0/) =D\ h (v)
i i
= Z Afjl Z ijwkz 2 (2 Vkﬂ»ji> wk.
i k k i

Ecan (Pri)r<p, 1<<n — MaTpuua AJst hof no OTHOWEHHIO K Bbi-
O6paHHBIM 6a3HcaM, TO NMOJAYdYaeTcs, 4YTO

%
Ppi = 24 Veshyie
i

Taxum ob6pasoM, Mbl NMPHXOQMM K TOMY, 4TOGH ONpeNesHThb
Npou3BeleHne MaTpuL, pa3Mepa mXn W p Xm cOOTBETCTBEHHO
npy NOMOIM MpaBHJa

(V) (Ajy) = (12 Veihi ) .

Hynesas mampuya Op, — 3170 MaTpuua pasmepa mXn,
Bce 3JeMeHTbl KOTOpoH paBHBI Hyumo. Eduxuunas mampuya
1, — 370 MaTpHLa pa3Mepa n X1, Y KOTOPOH Ha eaagHol Oua20-
Haau ctoaT 1, a ocrajibHele 3/eMeHTH paBhbl O:

F1oo0...07
010...0
001

=] ...

(000 ... 1]

Takas maTpHuna oTBevaeT monclecmseHHOMY NPecdpasosaniLio

fw)=u.

§ 4 MATPMLbI
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V3 MHOTHX BRIYHCJIHTENBHBIX MPOLEAYD, HCIOIb3YIOUHX
MaTpHIH, Mbl OCTAHOBHMCS 3fleCh JIHIIb HA ONHOH — Ha BHI-
YHCJEHHH paHra JIHHeHHOro Ipeo6pa3oBaHHs C NOMOLIBIO 10-
yecca npugedenus no cmpokam K cmynernuamoil gopme. O6bsc-
HHM, 4YTO 3TO TaKoe.

Mbl fonmyckaeM TPH THIA oNepaunHii HaJ CTPOKAMH JAHHOH
MaTPHLEL: '

T;;: IOMeHSITb MECTaMH CTPOKH i H j;

AR;: YMHOXHTbL CTPOKY { Ha cKajsp A;

R;-+R;: 3aMeHHUTb CTPOKY { CYMMOH CTPOK { H j.

(2TH o6o3naueHus BBEAEHB! JHIbL AJs1 Pa30BOTO HCMOJbB30Ba-
HHs B NMPUBOAHUMOM HHXKe HJJIIOCTDAaTHBHOM IpHMepeE.)

Ilpumensis noc/nenoBaTe/bHOCTh TakHX ollepaunui, JI05Yio

MaTpHIY MOXHO TNPHUBECTH K cmynendamod ¢opme, T.e. K

gopme

L0 |

rlle Ha MecTe KamJOH 3Be3JOYKH CTOHT HEHYJEeBOH 3JIeMeHT,
a HHXKe ,JIeCTHHLBI BCe 3JeMeHTHl HyneBue. (,CTyneHbKH® He
00s13aHEl MMeTh OJHHAKOBYIO AJHHY.) BMmecTo mokasaTesbcTBa
Mbl NIPHBEJIeM THIHYHBIA npuMep. YToGbl COKPATHTH NPOUERYPY
NpUBEJEHHs, 3aMeTHM, UTO B PesysbTare oNepauHil AR;, R;+
+Rj, A'R;, OpHMeHeHHEIX B TaKOH [0OCJeA0BATeNbHOCTH,
CTPOKa f, YMHOXKeHHasi Ha A, MpHGaBAseTcss K CTPOKe £, a Bce
ocCTa/lbHBle CTPOKH OCTaioTcs 6e3 H3MeHeHHs. DTy mHocjefoBa-
TeJbHOCTb OllepalHil ecTeCTBEHHO 0003HAUHTL yepe3 R;+-AR;.
BosbmeM maTpHLY

0 1 2 1

1 3 2 6

2 1 4 3|
—3 —5 —8 —10

I'IponeJIaeM INOCJIEAOBATEJIBHO CJeaylolue onepauml Hax
CTpPOKaMH:

1 3 2 6

01 2 1

T 9 1 4 3

—3 —5 —8



’- 1 3 2 6
0 1 2 1
Ri—2Ry: | g5 0 —9
l—3 —5 —8 —10
rl 3 2 6
0 1 2 1
R4+3R11 0 —5 0 —9]i°
L0 4 —2 8

Tenepb MOXHO NMOBTOPHTBL TOT e Npolecc Haj 3 X3-610KoM,
CTOSIIMM B NPaBOM HHXKHEM YIJY, NOCKOJBKY NepBasi CTPoKa
H NepBBIH CTosIbel yxe HMEIOT xenaeMuifi BHA. [losyunm

r13 2 6
01 2 1
Ry +5Ry 190 10 —a |
104 —2 8
Fl 3 2 6
01 2 1
Ri—4R:* 100 10 —4|
10 0 —10 —4
Jlanee MOXKHO 3aHATBCH 2 X 2-OJI0KOM:
13 2 6
o1 2 1
Ry,+Ry | L2 ,
TR 0] 10 —4
00 0

H Mpollecc 3aBeplleH; PaHT HalleH MaTpPHIbI (HJIH COOTBETCTB YO
IET0 JIHHEHHOTO Npeo6pa3oBaHHsi) paBeH 3.

JloKkasaTelbCTBO TOTO, YTO B De3Y/abTaTe 3TOrO Mpolecca
IeHCTBHTENbHO BCerjla MoJlyyaeTcss paHr, HeCJOXKHO; IPpy6o ro-
BODA, KaXkjlas onepallis OCTaBJisAeT PaHT HEH3MEHHLIM, a PaHT
MaTpHUB!, HMeoleH cTyneHyatyio GopMy, Kak Jerko BHIETb,
paBeH YHCJAY HEHYJIEBEIX CTPOK.

Eume HeGosbnasi nmoplusi MaTpHYHON a/re6pel, KoTopas
nosxe OKakeTcsi HaM nosesHo#t. s (nXn)-matpuus M o6-
pamnas mampuya M- onpenensieTcss Kak MaTpHua, obJajalo-
plast CBOHCTBOM

MMA=1,=M-M

(ecsii TakoBasi MaTpHLa cymecTByeT). B cayuae koraa M umeer
o6paTHYIO MaTpHILY, TOBOPSIT, 4To M Hesbtposcdenna; B NpoTHE-
HOM cJlyyae ee Ha3blBalOT 6b.poscOerHol. MaTpuiia HeBRIPOXK-
IleHHa, eC/IH H TOJIbKO €CJIH COOTBETCTBYIOlIee IpeoGpasoBaHiie

§ 4 MATPMLDI
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HEBLIPOKJEHHO; 7 X r-MaTpHIla HEBBIPOXKAEHHA, €CJIH H TOJILKO
€Cc/IH ee paHI paBeH fi.

Ilpyroii KpHTepHH HeBBHIPOXKIEHHOCTH, MNOJE3HLIH Gosiee B
TEOPHH, YeM Ha NpaKkTHKe, OCHOBAH Ha YHCJAOBOM HHBADHAHTE,
Ha3blBaeMoM onpedesumesem. On obo3Hauaercsi yepes det (M) *
H YIOBJIETBOPSIET COOTHOILEHHIO

det (M N)=det (M)det (V).

Ml He 6yjeM JiaBaTh 31ech €ro onpefesenusi. [eomeTpuue-
CKH OH XapaKTepH3YeT, TG npeobpa3oBaHHe Jie/1aeT ¢ 00bEeMOM.
IMoxpo6uoct cM. y Hoxmcona u Iloctona (5] 2. Ksampartnas
MaTpHila HEBBIPOXKJEHHA, €C/IH H TOJIbKO €C/IH €€ Olpele/HTe b
oTJHYeH OT HYJs. (XOTsi TeOpeTHYeCKH 3TO W MNOJe3HLIH pe-
3VJbTAT, BHUHCJEHHE onpelenHTenell — [eJ0 XJONOTIHBOE H
npHBelleHHe [0 CTPOKaMm Ha NpakTHKe Jyulue ®.)

T pancnoruposanias matpuua M' . jaas matpuubel M=(};;)
onpezensiercs GopmyJol

M7y =My,
TakuM 06pasoM, TPaHCIOHHPOBAaHHE — STO OTpakKeHHEe OTHO-
CHTeJIbHO TJ1aBHOH JmaroHaid. Vlmeer MecTo paBeHCTBO

det (M") = det (M).

5 KeagpartnuHble hOpMmbi

Keadpamuunas gopma (ksadpuka) OT n MePEMEHHBIX X1, . .+ . ,
Xn — 5TO BhIpaxkeHHe BHJIA

g(x)= ? NipXi%;.

UToGeI 3aNHCaTh €ro0 Ha MATPHYHOM SI3BIKE, MBI BBOJHM 6EKMOp-
CMpoKy

x=lxy. . .xl,
TPaHCTIOHHPOBaHHE KOTOPOH JaeT eexmop-cmoiabey
X1
xT= .
xn
1 det — or determinant (onpepensiomuit).— IIpum. ped.
2 Wau y Cnupsaka [8].— Hpun. nepes.

3 KcTaTh, OHO TO3BOJISIET H BLIUHCIMTL ONpefleHTe]b (PaBHbE npou3pelle-
HHIO JHaTOHAJbHEIX 3JeMeHTOB B cryneHuarto#t Qopme).— ITpum. nepes.



§ 5 KBAOPATHUYHLIE (OOPMDb!

Beenem B paccmotpenve matpuny A=(A,;), HasbIBaemylo mam-
puueil ksadpamuurnol ¢opmet. Torna

g (x)=xAxT.
Ecayn Mo 3amMeHvM A Ha é—(A—I—AT)=M, TO KBaJpaTHUHAas

dopMa ocTaHeTcs HeM3MEHHOH !, MOCKOJIBKY X;X;=XjX;, HO
Tenepb ee MaTpHua M cummempuuna B TOM CMbIc/e, yTo M=
=MT7. 3HauuT, KaxAyio KBaApaTHYHY0 QOPMY MOXKHO 3aru-
caTb B BHIe

g (x)=xMx’

¢ cuMMeTpHuHOH maTpHue# M, u ofbiuHO Mbl GyleM CUMTaTh,
YTO TaK U CAEJaHo.

Kaxknas kBaipaTHuyHasi ¢opMa OT 7 [epeMeHHLIX MOXKET
ObITb NpHBeJeHa ¢ NOMOLIbIO HEBLIPOXKAEHHOrO JIHHEHHOTO Mpe-
06pa3oBaHHsl 3THX NepeMeHHBIX K BUAY

diyi+ ... +d,yt (2.6)

Hametum 37ech, Kak 3To JeNaeTcsi, NOCKOJABKY MM03%e Mbl Y-
IeM OMUpaTbcsi HAa 3TOT GakT B ONHOM GoJlee CJI0XKHOM JOKa3a-
TesbcTBe (emMmbl Mopca B ra. 4). Hamwa nepsast mesnb — Jio-
6utbest, 4ToObl A 750. Ecau Kakof-i1u60 M3 AMaroHadbHbIX
yeHoB A;; 70, TO K 3TOH UeJH BefleT JIMHelHoe NpeoGpasoBa-
HHe, MeHsollee MecTaMH X1 H X;. Ec/H ke Bce JAvaroHaJjbHble
y/leHbl HYJeBble, TO TOTJa OTJIHYEeH OT HYJ/sl KaKOH-HHOYAb BHe-
IMaroHaJbHbIA usleH A;; (i7=f) 1 no cumMerpuH A;;5=0. [Tostomy
Hawa ¢opMa HMeeT BHJI

G (x)=2Mh;;x;x; -+ 4JleHbl, B KOTOpbie BXOLAT ApYTHe
niepeMeHHbIE,
ITonaras
yi=" 4%, Yy =" —x)
H OCTABJSIS OCTAJIbHBIE Xp 63 U3MEHEHHs (Y, =Xz), Mbl TOMY-
yaeM 4sieH
2 2
2h;jyi— 2,43
¢ HeHYJIEBbIMM [JHaroHaJbHBLIMH KO3(MXDHIHEHTAMH H CBOJXHM
3a/layy K YK€ paccMOTPEHHOMY CJyualo.

IlpoBeaa 3TOT npefBapUTe/bHbIN LIar, Mbl MOMXKEM BEPHYTh-
€ K CTapblM OOO3HAYEHHUAM M CYHTATh, YTO A1,7=0. HMeem

q(x)=»x, (; P'ijx,'xj) )

1 Kax ¢yukuus u3 R? g R.— [Ipunm. nepes,
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rhe B;j=MA;/Mi. UaeHnl, conepxkauye Xy, 2aloT
2

n n 2 n
xf+2i22 MypX1 Xy =<x1+ 122 P"ux/) _<]_22 l"ljx/> .
Tonoxum
n
Y =X+ iZQHIjxp
Yyi=x; (> 1

5TO — HeBbIPOKAEHHOE JHHeHHoe mnpeoGpa3oBanne. Haina
(popma ApHUMeT TOTAA BHJI

WD =M+ G G+ r Yo

rle ¢ — KBajpaTHuHas (opMa moabko OT NepeMeHHBIX Y,
. «., Y. IloBTOpsis mponecc AOCTaTOYHOE YHCJO pa3, Mogy-
UMM KeJlaeMbIi pe3yJ/bTarT.

Mnb1 mMoxeMm noHTH uyTh Radbiue. IlpousBens sameny

zi=xV1d;]  (d;#0),

MBI NPHJEM K BbIPaXKEHHIO TOTO XKe THNa, HO ¢ KoadxpHuHeHTa-
MH, paBHbIMH JHIIb |, O Hau —1. MiaMeHHB nopsjiok nepemen-
HBIX TaK, 4ToObl CHaua/la IIH eXHHHLBI, 3aTeM MHHYC elHHH-~
1B, H OTOPOCHB HYJH, MBI NOJYYHM CJAEAYIOWIHH pe3yJbTar:
mobas keadpamuunas Gopma om n nepemenHbix moscem 6bime
npueedena ¢ nomoubio HeabipoXcOeHHOL AUHeUHOU 3amensl nepe-
MEHHbIX K BUlyY
A+ =2y — .. =2,

20e s<{n. Uncno s HasbiBaeTcs paneom KBapaTH4HON (HOPMBI,
H MOXHO I10Ka3aTb, YTO OHO PaBHAETCsS PAHT'Y MaTPHUBI 3TOH
(popMBI; 3HAUHT, OHO He 3aBHCHT OT BhIGOpa JIHHEHHOro Nnpeoch-
Pa30BaHHS H ero MOXKHO NMOACYHTaTb, CKaxeM, MpHBeAs Mart-
pHLYy K cTyneHuatofl gopme. Jaxon unepyuu Cuirsgecmpa ria-
CHT, 4TO r TaKe He 3aBHCHT OT BhI6Opa JIHHeHHOro npeobpaso-
BaHus. UHcao

2r—s=r—(s—r) = cymMa Ko03}pbUIHEHTOB

Ha3bBaeTCcsl cueHamypod KBajpaTHYHOH ¢opmbl g(x). C Toy-
HOCTBIO JIO JIHHEMHOTO npeo0pasoBaHHs Jo0as KBaApaTHYHas
¢opMa eIHHCTBEHHBIM O0pa3oM onpelensieTcss CBOUMH PaHTOM
U CHTHaTYpoH.

AT0 4yTb Ooslee CAOKHBIH NMPUMEP LEHTPAJIbHOH TeMbl Ha-
el KHUIH — NpHBeleHHs K NPOCTOH GopMe 3aMeHoH Koopau-
nHat. KBagpatuunas ¢opma R” — R Tpeyer mis cBoero 3a-

JaHys %n(n%—l) yuces1 (b5 npu n=10). Ho ¢ TouyHocTbIO 10
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3aMeHbl MepeMeHHBIX ee MOXXHO 3alaTh BCero JIHIUb /1 YHCJIaMH,
KaxJoe U3 KOTOpHX paBHO =1 nau 0, a HMeHHO Ko3(pdHILIHeH-
TaMH NPHBEJEHHOrO BhIILE BBIPAXKEHHSI, T. €. (PaKTHUECKH BCero
JHULb ABYMSI YHCJAMH I H S.

Ilnst cnyyas KBaApaTHYHBIX (OopM OT ABYX MepeMeHHBIX

q(x, y)=ax*-+2bxy-tcy?

MOXHO JATh XHBYIO TE€OMETPHYECKYIO HHTepIpeTalHIo 3TOH
KJacCH(pUKalluH MO paHry H curHatype. Vmelomuecs 3zech
BO3MOMKHOCTH TaKOBBL:

(i) wuzto? (paHr 2, curuarypa 2),

(i) nw2—p? (panr 2, curnarypa 0),
(ili) —u?—v?* (panr 2, curuatypa —2),
(iv) u? (paur 1, curuarypa 1),

(v) —u? (paur 1, cursatypa —1),
(vi) O (pasr 0O, curnarypa 0).

Cayuaft (iv) BcTpeuaeTcsl B TOYHOCTH TOTJia, KOTIa ¢ SIBJAsieTCS
NOJHBIM KBaipaToM, cKaxeM (px-+uvy)?. YpaBHeHue =0 MOX-
HO PEUINTDb, HCNOJAb3Ysi XOPOLIO H3BeCTHYIO GopMYJY JJ1s KBal-
paTHBIX ypaBHEHHH, uToO JiaeT

v (Z0eVTR),

a

C npyrofi CTOPOHEI, peuleHHeM ypaBHeHHs (px-+-vy)*=0, ouge-
BHJIHO, CJYKHT

X= "y
= rR4

¥ eIUHCTBEHHBIH cnoco6 corjacoBaTb o6e (OpMYJBl — 3TO

(v) b

Pmc. 26
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uMeThb b*—ac=0; Torja ABa pellleHHs CBOAATCS K OAHOMY ABY-
KpaTHoMy pemieHHio, Ho ecaun b2—ac=0, 1o

(xV&—}—V%_y)z:ax?—}—bey—}—gy?:q (x, y).

Hrak, g(x, y) MOXKHO CBeCTH K 42 B TOYHOCTH TOTJa, Koraa b=
=ac, MPHYEM a H C NOAOKHCUMEAbHb!, H ee MOXKHO CBeCTH K —uZ,
Korja b*=ac M a U ¢ ompuyameistol.

B cayuyae (vi), koHeyHo, a=b=c=0, TaKk uTo b*=ac Tpu-
BHaJIbHBIM ofipasoM. Mrtak, caywau (iv), (v) u (vi) Boaeasiiores
ycaoBHeM bi=ac, a Mexny co0of pasiHualoTcs 3Hakom (+,
0, —), crosiuM nepen a (MJaH c).

Ecan npusath Teneps (a, b, ¢) 3a KoopAuHaTsl TOUKH B R3
H paccMOTPeTb MHOXKECTBO S TOYeK, YAOBJETBOPSIOIHX YCJI0-
BHIO b?*=ac, TO MBI YBHIHM, UTO 3TO ABOHHOH KOHYC C BepHIHHOH
B HayaJie, COZepKalliHi OCH a H C; 3TOT KOoHyc pas3buBaer R®
Ha TPH YacCTH B COOTBETCTBHH C TPeMsi OCTABLUMMHCH CJYYasiMH
(cM. puc. 2.6). (Kak MOXHO yBHAETb, 4TO MBI HMeeM JeJo ¢
JBOHHBEIM KOHYCOM, 6yneT o6bsicHeHo B § 7 3Toil raasbl.) Takum
obpa3oM, ¢ ecTb ¢opma thna (ii), Koraa b*>ac (3176 — BHell-
HOCTb KOHYca), THNa (i), Koraa b2<ac ¥ a NoNoXKHTeNbHO (BHY-
TPEHHOCTb NOJOXHTeNbHOH MOJE KOHYca), H THna (iii), Koraa
b*<ac n a oTpHLaTebHO (BHYTPEHHOCTb OTPHIATENbHOH MOJhb).

BBHAY NpHBelleHHBIX BbIlle Pe3YJbTaTOB Mbl GyJeM Ha3bl-
BaTb KBaJpPaTHUYHYIO (GOPMY ¢ 66iposcdenHol, eclii ee paHr §
MeHbllle YHCJa He3aBHCHMBIX NepeMeHHHIX 7. PasHocte n—r
Ha3BIBAeTCst KOPAHeom (GOPMBI. DTO UYHC/IO HEe3aBHCHMBIX Ha-
npasJeHHH, BAOJAb KOTOPbIX (opMa BHIPOXKIAETCH, YTO CTAHO-
BHUTCS OCOOEHHO $ICHO BHJHO, e€CJH (OPMY AHATrOHANH30BATD.
Buipox/JleHHe NPOHCXOMHT, €CIH H TOJIbKO €CJH ONPeALiHTEeNb
MaTpuulLl GopMbl paBHsieTcs HYyJ0. Ho MaTpuua Hamel ¢opmst
Takas: :

5 )

H ee ofipejleJuTe/b paBeH Kak pa3 —(b*—ac). 3toT onpelenu-
Te/lb H3BeCTeH KaK Ouckpumuranm KBaapaThuHoii ¢gopmbl. Co-
OTBETCTBEHHO H TIOCTPOEHHBIH Bhlllle KOHYC S Mbl HasblBaem du-
CKPUMUHAHMHBIM,

6 Kybuueckue popmbi OT ABYX NepPeMEHHbIX

Tenepb Mbl 3afiMeMcst aHaJOrHYHOH NpoGJemoH KJjaccHHKa-
IHH Ky6uHeckux GopM, perieHHe KOTOPOH NOCAYXKHT HaM B ©J1. 7
KJ/IIOUEBRIM I1LHATOM K KJaccH(HKaluOHHOH Teopeme. Tak Kak
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MBI CBEJIEM TaM 3aJlauy K C/1y4aio opM OT JBYX MEePEMEHHBIX, HC-
CJIeJIOBAHHEM 3TOTO C/ydyasl Mbl 3[eCb H OTpaHHYHMCH.

Kybuueckas gpopma (xyburxa) oT NByX NEPEMEHHbIX X, Y —
3TO BBIPaXKEHHE

c(x, y) = ax® + Px*y + yxy* + Oy

C BEIleCTBEHHBIMH Kod(buuuentamu «, f, y, 6. O6osHauum ue-
pes K ueThlpexMepHOe NPOCTPAHCTBO BceX TaKHX (opM; ero
MOXXHO OTOXJAeCTBHTb ¢ R4, npuHsaB a, P, ¥, 6 B KauecTBe Koop-
JHUHAT,

B § 5 Mbl HamJIK wecTb THMOB KBaJpaTHYHBIX (GYHKUHUH (a
€ TOYHOCTBIO JO 3HaKa 4eThipe). AHATOTHYHO HMEIOTCS NATH TH-
noB KyOHUecKHX (pOpM; 3HAK Ha 5TOT pa3 HHKaKoH pOJIH He Hr-
paeT, TaK KaK ero Bceria MOXHO H3MEHHTh Ha NPOTHBOMOJIOXK-
HbIH, NpOU3BeAs 3aMeHy (4, v)=(—x, —y). [/ onucaHUsi STHX
MSITH THIOB YAOOHO BBECTH B PACCMOTPEHHE KOPHEB0E MHOMECHT-
80 (opMbl A — MHOXKECTBO

Ra={(x, ylax’+Ppx*y+vxy*+y*=0}

TeX To4YeK, B KoTopuix ¢opma A=(a, B, v, 8) obpawmaerca B
uyib, Ecnin A€R H (x, y) ER4, TO sicHo, uto U (Ax, Ay) ER 4.
3Hauut, A a06oi dopMbl A MHOXKeCTBO R 4 COCTOMT H3 mpsi-
MHIX, TNPOXOJAIHX depe3 HadaJo.

UTo0R! BBISICHHTb, KaK 3TH MpsSIMbIE MOTYT pacnosaraTtbes,
HalJeM HX NepecedeHHs ¢ npsaMoH x=1. (31ech BO3HHKaeT He-
6osbllasi TPYAHOCTb, CB3aHHas C TeM, 4TO OCb y He nepece-
KaeT 3TOH NPSMOH; MOSTOMY OChb Y NPHXOAHUTCS] pacCMaTpHBaTh
oTae/1bHO. VMelomne cuacTbe GbITh 3HAKOMBIMH C NPOEKTHBHOH
reoMerpuell MOryT C PaBHBIM YCIIEXOM BBECTH ,TOYKH Ha GecKo-
ueuHocTH".) IlonokHB x==1, MBI OPHXOZHM K KYOHUYECKOMY
YPaBHEHHIO OTHOCHTEIBHO Y

Pag)=a+py+vy*+8y°=0.

OHo HMmeeT He OoJiee Tpex pelUeHHH Yy, Y2, Ys (ECAH TOJBKO Ie-
pen Hamu He caydait A=(0, 0, 0, 0)); 3HauuT, UMeeTca He GoJlee
TpeX KOpHeBbIX NpsiMbIX (pHc. 2.7). UTo Kacaercs ocH y, To
oHa 3ajfiaercsl ypaBHeHUeM x=0. Ho x=0 cn1yxuT pelueHHem,
B TOYHOCTH Torna, Koraa =0, a Torpa mamie KyGHYECKOe ypaB-
HeHUe TIpeBpallaeTcsi B KBajpaTHOE, ¢ caMoe GoJibliee NBYMSs
pewennsiMi. CHOBa MoJydaeTcsi Bcero He Gosiee Tpex HPsIMBIX.
TakuM o0pa3oM, BOSMOMKHOCTH AJs R, TaKOBBI:

(i) Tpu pasnuuHble npsMble, Kak Ha pHc. 2.7 H 2.8(a);

(ii) omma ,HekpatHas* npsiMasi, Kak Ha puc. 2.8 (b);

(iii) TpH npsMble, ABe U3 KOTOPBIX ,COBHAJAIOT" MEXAY CO-
Goifi, xak Ha puc. 2.8(c);

y
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Puc. 2.8

(iv) Tpu coBmajawolide OpsiMble, KaK Ha puc. 2.8 (d);
(v) Bcs nuockocTh, B cayuae A=(0, 0, 0, 0).

$IcHO, 4TO HHKaKOH 3aMeHOH KOODAHHAT HeJb3sl H3MEHHTh
YHCJIO KOPHEeBBbIX NPAMBIX, KOTOPble HMeeT JaHHAasi KyOHuecKas
¢yHkuusa, (3ameTbTe, UTO BaXKHO JeJaTb pasjHuYHE MEKRY
»PYHKIHeH P Ha TIOCKOCTH, 3aJlaBaeMoil B KOOpJHHATax X, y
BeIpaxkeHHeM x?y“ H ,MHorouleHoM X2Y“, Ecsau Mbl BBeJieM HO-

Bbleé KOOPAHHATHI u=—é—(x—i—y), v=—é—(x—y), TO (PYHKIHA MOJAY-

YHT B STHX HOBBIX KOOPJHHAaTaX HOBOe BhIpakeHHe (u—+v)?
X (4—v). VIHBIMH CJIOBaMH, OJlHa H Ta e TNOJHHOMHAJIbHas
(pyHKL 1A MOXKET UMETb MHOTO INOJHHOMHAJBHBIX 6bpanceruil.)
Ianee, HUKaKOH I/aJiIkoH 3aMeHOH HeJib3sl NEPeBECTH CJydaH
(iv), B KOTOpPOM TPajiHeHT (PYHKIHH obpalllaeTcsl B HYJb HA Le-
Joi npsMoii, B ciyuaii (ii), rie oH obpalllaeTcst B HYJIb TOJBKO
B Hauaje. CJeloBaTebHO, CTPYKTYpPa KOPHEBOTO MHOXeCTBa
onpefiesisier pasbHeHHe NPOCTpaHcTBa K Ha NATh KJACCOB.

3aMeuaTesbHEIM 00pa3sOM OKaskIBAae€TCs, 4TO JJA JIHOOLIX
JIBYX KyOHuecKHX (yHKUHH f; U f;, NDHHALIEKALIHX K ONHOMY
H TOMY 2Ke KJacCy, Mbl MOXeM HaHTH Auneldnyro 3aMeHy Koop-
JMHAT, TaKYIO, 4TO f, HMEEeT B HOBLIX KOOPAHHATAX TO JKe caMoe
BbIpaXkeHHe, KaKoe HMesa f; B CTaphiX KOOpAMHATaX. 3HAuHT,
»C TOYHOCTDBIO JIO 3aMeHbl KOODJHHAT" OHH INpeJICTaBJsIOT CoGoR
OJIHO H TO Ke; 6oJiee aKKYpaTHO: B HEKOTOPOM OI€Hb-CHJIBH OM
CMBIC/IE OHH HMEIOT OJIHY ¥ Ty ke dopmy.

Haunem co cnyyas (i) Tpex pas/HUHBIX KODHEBBIX NPSIMbIX.
Bcersa MOXHO HapHCOBaTbh Napajiie]orpaMM, KaK Ha pHC.
2.9 (a), ABe CTOPOHBI KOTOPOTO HAYT MO ABYM H3 3THX NPAMEIX,
Ha30BeM HX NpsMbIMH 1 H 2, a AHaroHa/bl0 CJOYXKHT TPETbs

Alx.y)

Alx,y)
24

P, &)
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npsamas (npsamas 3). BeitbepeM HOBYIO CHCTEMY KOOPJAHHAT U, U,
B KOTOPOH OCbIO u CJYXKMT npsiMast 1, a ocblo v — npsiMas 2,
npuyeM MacuiTabbl MoabepeM TaK, YTOOBI CTOPOHBI HAHIETO Ma-
pajyiesorpaMMma MMeJH elHHHYHYIO ATUHY (cM. puc. 2.9 (b)).
B sTHX HOBBIX KOOpJHHATaX ypaBHEHHsI KOPHEBLIX NPSMBIX BbI-
TJIAAAT Tak:

npsimast 1: v==0,
npamast 2: u=0,
npamas 3: u—u=0,

3HauuT, €CNU U, ¥ HWIH u—vu obpalllaeTcs B HYJb, TO H | ToXe.
Orciofia coepyer, 4To f JIMUIb CKaJsPHBIM MHOXKHTEJNEM OTJIH-
yaeTcs OT uv(U—vu) U JaJbHeHIIHM H3MeHeHHeM MacliTaba Mbl
MOXKEM TIPHUBECTH [ K BHAY

flu, v)=uv(u—v).

Hrak, /mobble ABe KYOUKH ¢ TpeMsi pa3/THYHBIMH KOPHEBLIMH
OPSAMBIMH MOTYT OBITb NpHBeJEHH K OJHOMY H TOMY K€ BHAY
uv (u—v).

B ocTa/ibHBIX CJIy4asiX — 3a HCKJ/IOYEHHEM TPHBHANBHOrO
cnyuas A=(0, 0, 0, 0), xoTopuiil Mbl GyaemM Ja/bllie HTHOPHPO-
BaTh,— Mbl BCETJa pacroJjaraeM no KpafiHed Mepe ofHOH Kop-
HeBOH NpAMOIl H, HCNOIb3Ys €e, KaK U Bhillle, MOXXEM BBIJETHTD
B [ JMHHeNHBIH COMHOXKHTeJb. ViMeHHO, ecnM ypaBHeHHe 3TOH
npsiIMOH HMeeT BHJ

Ix+my=0,

10 Ix+my Jo/kHO GBITh fesiuTesieM f. 3HauuT, f MpeAcTaBHMO
B BHJe

(Ix+my)ax*+bxy+cy?)

naxe 6e3 BCAKOH 3aMeHbl KoopAMHaT. Mcnosbaysi Tenepb pe-
3yJbTaThl § 5, MBI MOXKeM HaHTH KOODAHHATHI U, U, B KOTOPBIX
KBaJIpaTHYHBIA COMHOXKHTE/b YIPOCTHTCSA; JHHEHHBIH COMHOMXKH-
TeJ1b TIpH 9ToM NepelifieT B Lu+Mv ¢ kakumu-to L u M. 3nak
KBaJpaTHYHOTO YJE€Ha MOXHO NepejaTb JUHEHHOMY, H, TaKHM
06pa3oM, Mbl MOXeM MNDPEACTAaBHTb [ B OAHOM W3 CJeIYIOIHX
TpeX BHIOB:

(@) (Lu+Mv) (u?
(b) (Lu+Muv) u?,
(c) (Lu-+Mv) (u2+4-v?).

Iokakem, uTo cayuad (a) inGo orBedaer puc. 2.9, nu6o cBo-

autes K caydaio (b), a satem Mbl paceMoTpuM ciyyan (b) 1 (c).
BripaxeHue (2) Jonyckaer AanbHeflinee pasjioKeHHe HAa MHO-

v?),

Puc. 2.9
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KHTeJIH:
(Lu+Mv) (u—v) (u+v).

Ecau MHoxuTenb Lu-+Mu He ABAsAeTCcA CKaNfAPHBIM KPATHBIM
440V WIH 64—, TO Mbl HMEEM PacCMOTPEHHBI Bhllle CJay4yal
TPeX pas/HYHBIX NpPsMbIX. ECMH Ke OH fABJsieTcs TaKHM CKa-
JSIPHBIM KpaTHbIM, TO JHGo L=M=c, nau6o L=—M=c. Tlo-
aoxuB U= (uzv) ¢='/», V=vc~'/s, Mpl nonyuuM, uto f je-
autcs Ha U2, T. e. Mul NonajaeM B cayuaii (b).

B cnyuae (b), ecnu M<40, BBeieM HOBbie KOOPAHHATHI

U=Lu+Mv, V=u,

B KOTOPBIX f moayuaer Beipaxkenue UV Eciu M=0, T0 3Ta
3aMeHa He3aKOHHa, HO Torja Mbl MoxeM B3sTh U=L' yu,
V=uv u npusectu f k Buny U°.

B cayuae (c), ecau qubo L, 1u6o M paBHsieTcs HYJIO, TO,
H3MeHHUB MaciuTab M nepeHMeHOBaB (ec/H Hajlo) OCH, Mbl NpH-
BereM f k Buay (U24 V% V. B nporHBHOM c/iyuae MOBepHeM
OCH, MOJOXKHB

Lu—Mv Lu4 My
= 2=,
| @ EEuy 7] VIzI e
INocsie HeCJOXKHBIX BBHIKJAJOK MBI TNPHIEM K BHPaXKEHHIO
f@, 2)=V1+ M @+ 2%z,
a M3MeHeHHe Maclutaba npepainaer sto B (U*+V?) V.
Htak, noaxoisuled JAHHEHHOH 3aMeHOH KOOPJAHHAT MbI

BCerja MOxKeM MPHBeCTH OJHOPOAHYIO HeHYJeBYI0 KYOHKY K
OJHOMY H3 BBIPaXKeHHH

U—=V\uv, (Ur+VyV, UV, Us.

OHH UMelOT KopHeBble MHOXecTBa TumoB (i), (ii), (iii), (iv)
COOTBETCTBEHHO M, 3HAUMT, TFEOMETPHUYECKH BCe Pa3/HUHBIL.
TakuM 06pa3oM, HMeEIOTCSI B TOYHOCTH YeThipe THNA KYOUK OT
IBYX NepeMeHHLIX IJIOC ellle HYJeBas kybuka. [aa  Hasene-
Hus GJecka® npousBeseM ellle B BoipaxkeHuu (U—V) UV 3a-
MeHY

x=1,U+V),  y="U—V),

nepeBoadulyio ero B x*y—y?, Jlas enuHooOpasusi 6yfieM H B
OCTaJIbHBIX CJ1y4asix nucaTb x BmecTo U 4 y Bmecto V. B pe-
3yJIbTaTe Mbl MOJYYyaeM CIeAYIOUHH CIUCOK CTAHAAPTHBIX KY-
6UK:

(i) **y—y*,

(i) - xy+y7,

(iif) x%,

(iv) x®.
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Tenepb NOCMOTPHM, KaK 3TH HeThbipe THIIA PACHOJIOKEHH B
yeTBIPeXMepHOM MNpocTpaHcTBe K Ky6uueckHx ¢opm. HMubimu
cJloBaMH, Mbl XOTHM HaHTH aHagor puc. 2.6. [Tockobky K ye-
THIPEXMEPHO, Mbl BBIHYXKI€Hbl NPHOErHYTb K KaKOMY-HHOYIb
TPIOKY, 4TOObI ,CIYCTHUTH FeOMETPHIO 10 JABYX pasMepHoCTed
Oymard.

HckoMbIfl TPIOK 3aKJIIOYAeTCsT B TOM, YTOOEI HTHOPHPOBATH
Maciitab, YMHOX€HUe KBaJpHKH Ha HEHYJIEBYIO MOJIOXKHTE/ b-
HYIO KOHCTaHTY ¢ He H3MEHSIeT ee THIA, TaK KaK 3TO H3MeHeHHe

MOX(HO CBeCTH Ha HeT 3aMeHOH MepeMeHHBIX Ha Vex, ch.
TouHO Takxke H AJS OZHOPOJHBIX KYOMK Mbl MOXKEM CKOMIIEH-
CHpPOBATb YMHOMKEHHME Ha KOHCTaHTY M3MeHeHHeM Mmaciurtala, a
HMEHHO YMHOXeHHeM NepeMeHHBIX Ha KYOHueCKHH KOpeHb H3
5TOf KoHCTaHTbl. Puc., 2.6 BOCCTAHOBHTCSI IOJHOCTBIO, €CJIH
B3fiTb €AHHHUHYIO Ccdepy

{(a, b, C): a2+b2+02:—1}

C LIeHTPOM B HauaJjle, HApHCOBATb Ha Hel JBe OKPYXHOCTH, Kak
Ha pHuc. 2.10, ¥ TOCTPOUTH MOJ HUMHU KOHYCHL C BepIUHHON B Ha-
yaje. DrH JBe OKPYXKHOCTH NPeJCTABASIOT KBaJpaTHuHbEe dop-
MEL (a, b, ¢}, KOTOpbIE J1eXKAT HAa eAHHHYHOH cepe H YIOBJIETBO-
paoT yeaoBuo b2=ac. TlogoGHbIM ke 06pa3’oM MEI MOXKEM
OIHCATh pacrpefiefieHHe KYOHK pasyiHUHBIX THIOB B K, BhIsic-
HUB CHaya/la, 4TO MPOHUCXOJUT HA TpexMepHoH cdepe

{(OL, ﬁv v, 5)|a2+52+vz+52=1}»

H 3aTeM [OCTPOHTb COOTBETCTBYIOLIHH KOHYC, BBINYCTHB JY4M
u3 touku (0, O, 0, 0).

K HecuacTbio, B pH3HUECKOM MHpPe HET AOCTYNHOH HAaM Tpex-
MepHOH ceprl (ec/M He CUHTATb, ObITH MOXKET, BCErO MHpA Lie-
JHKOM, HJIH, TOYHee, ero IpOCTPaHCTBEHHO-NOJAOOHOrO ceue-
HH#), TaK 4TO Mbl BHIHYXKJEHE! IOHTH Ha HEKOTOPOEe HCKaXKeHHE
KapTHHBI, YTOOBI CAeNaThb JOCTYNHOH J/s1 0O03peHHs HHTepe-
CYIOLLYIO HAC reOMETpHIO, He IPOU3BOJs Yepecuyp pajAuKalbHbIX
usMeHeHH#. Ta ke npobsiema Bo3HHKaeT M Ha pHc. 2.10, 31O
H3BeYHLI KoliMap KapTorpagoB — Mpe/icTaBjeHHe I[0BepX-
HocTH ceper Ha nJockoctH. IlpoGiema 3Ta peluaercss TOYHO
TaKHM e 00pa3oM: B3siTHeM ,IIPOEKLHH, KOTopasi NPHBOAHT
K CEepbe3HbIM HCKa)KEHHUSIM JHIUb JAOCTATOYHO JajleKo OT HH-
Tepecylomell Hac 06aacTi. A UMEHHQ, ecJd MBI Ha30BeM TOUKY
(0, 1, 0) ceBepHbIM MOJIOCOM, a8 AHTHNOAANbHYIO TOUKY — HOXK-
HbIM, HaM Hajlo 6yJeT cHauasa, IafKo pacTArHBasi HEKOTOpLIe
yacTH cepel H CKHMasi JpyrHe, HepeJABHHYTb HAlIH JBe OK-
PYKHOCTH , BHH3“, K HO)KHOMY [OJIIOCY. 3aTeM Mbl MOXeM ,,pac-
npefeduTh* NOAXOAALIHHA KYCOK C(epHUYeCKOH NOBepXHOCTH
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doro 1. Bpacrem ombusur,
6bLPESAHHYBIL U3 MBepO0e0 KAés
wa Tumom [locmonon,

BOJIM3H I0KHOTO MMOJI0CA, He Hapyluasi KOH(GUTYpalur cKpyxK-
HocTef.

AHaNOTHYHYIO OMNEPalHUIo Mbl MOXKEM UPHMEHHTb K Tpex-
mepHoli cepe KyGHK, ,pacnpsiMHB* ee B OOBIYHOE TPeXMepHOe
MPOCTPAaHCTBO. DTO MPHBOAHMT K HMelolledl KpacHBY0 ¢GopMy
NOBEPXHOCTH, NMoKa3aHHoH Ha ¢oTo . 9Ty NOBEPXHOCTH MOXKHO
ONHUCAaTh KaK ,,CKPYYEHHYIO NOBEPXHOCTh BPaUIeHHA™ — pe3yJ/b-
TaT [ABHXKEHHs THIONHMKJ/OHAB ¢ TpeMsi ocTpusmu (puc. 2.11)
BAOJIb OKPYMKHOCTH (B KaKAblH MOMEHT OKPYXKHOCTb MHepece-
KaeT OPTOTOHAJbHO [JIOCKOCTb FHIOHHKJ/IOWABI B ee I1eHTpe),
NpHYEM IO X0y ABHKEeHHS THNONHMKJOH/JA BPALLAeTcsl B CBOeH
MJIOCKOCTH TaK, 4TO yclleBaeT c/leslaTh TPeTb NoJAHOro o6opoTa.

PasnuuHbie THNIBI KYOHK 3aHMMAIOT ONpeleseHHble N0JIoXKe-
HHs TIO OTHOWEHMIO K 3To# nosepxHocTH. Ha doto | ky6uku
trna (i) HaXoAATCA BHYTPH NOBEPXHOCTH, THNA (ii) — cHapyxu
Hee; KyOHKH THna (iii) nexkaT Ha TJ1afKoH YacTH NOBEPXHOCTH,
tHna (iv) — Ha ee 3aocTpeHHOM pefpe. 3Ta reoMeTpHs coOTJa-
CyeTcsl ¢ pas/HYHLIMH BHIBOJAMH, KOTOPBIE MOXHO CAe/aThb Ha
ocHoBaHHH puc. 2.8. Tak, Tunm (i) u (ii) pasnensiorcs mexay
cobo#l Tuniom (iii) (Bmecte ¢ TunoM (iv)). HeGonbiuumH H3aMeHe-
HuaMu THN (ifi) MOXXHO mepeBecTH Kak B Tuml (i), Tak M B THO
(ii). K tuny (iv) ckonbko yroaHo 6JM3KO ,IIOAXOAAT® Bce Oc-
Ta/1bHble. THIILL.

3uMaH, MepBbIM HU3YYHBIIHE 3TY NOBEPXHOCTb, Ha3BaJ ee
6pacaremom ombuiuk; ,OMOMJIHK® -— OT TeX KaTacTpod, KoTo-
pbie cBSi3aHbl ¢ KYOHKaMH, a ,0pacjeT" — OT CKJIOHHOCTH €ro
KeHbl K yKpamenusM. B ctatbe 3umana (7] naercs nonnoe no-
Ka3aTe/bCTBO TOTO, YTO KapTHHa, MpeiCTaBJeHHas Ha ¢oto 1,




§ 7 TEOMETPHUS MHOTOUYNEHOB 53

TOUHa, HO JJISl HAC 5TO HeBaXkHO. KapTHHa nomoraet o6vsacHume
HEKOTOpbIE H3 YTBEPXKJAEHHH TJI. 7, HO J0Ka3biéameé HX Jydlie
fonee mollHbIMH MeTolaMH. I'eomeTpusi Gpacniera OMOHIHK
BIIepPBble CYLIeCTBEHHbIM 00pa3oM MOSBJsSETCs TPH aHa/H3e
BOCbMHUMEPHBIX KaTacTpod, H3BeCcTHBIX KakK O8olHbie cOOpKU.

7 TeomeTpus MHOrouneHos

MHoz0uner OT NepeMEHHBIX Xy, . . ., X,— 3TO BLIpaMKeHuHe BHJAa
N i i
p (x):Z }Wl inxl1 LI xnnv

rle ij; — NOJOXHTeJbHble LeJble (HIAH HYJIB), Ay ... 1,
BelllecTBEHHble YHc/Ia H ofllee YHC/IO YJeHOB KoHeuHo. Crne-
nexbr0 MHOTOUJIEHZ2 Ha3biBaeTcsl HauOoJibliee cpeld YHcel
i, . .tip, AN KOTOPBIX Ay ... ¢, 70. EciH oTiiHueH oT
HyJs TOJbKO OAHH KaKoH-HMOYAb KosdduuueHT, TO p(x) Ha-
sbiBaeTCA O0HOUAeHOM, Asnzebpauueckoe muoxcecméo B R7 —
3TO MHOKECTBO BHJa

[xER™ | py (X) = py (X)= ... = Py (x) =0},

rae pi, . . ., Pr— MHOTOUJIEHHI OT Xy, . . ., X,. Hanpumep, edu-
HU4Hasa cgepa

Srt={xeRr|xi+ ... +xi=1}

ABIsieTCs alrebpaHuecKUM MHOMeCTBOM. [loayaszebpauteckoe
MHOXCECMB0 3a/laeTcsl TIOJTHHOMHAJIbHEIMH HepaBeHCTBaMH ¢; p 0,
rae p — J1o60H U3 3HAKOB =, <, <, ==, >. TaKHe MHOXeCTBa
ecTeCTBEHHO BO3HHKAIOT Mo caelymollel npuynee. Ecau ¢yHk-
mus f: R*—R” 3ajaHa npy NOMOLIH MHOTOYJIEHOB ¢;:

f)=@ (%), . . ., gm (x)),

H A — Kakoe-HHOYJIb anreOpaHuecKoe MHOXKecTBO B R?, To
f(A) He 06s13aHO OBITH asireGpaHyecKHM MHOXKECTBOM (BO3b-
MuTe m=n=1, f(x)=x?), HO OHO Bcerga noayanreGpaHyHO.

3hech Mbl 3aHHTepecOBaHBI He CTOJIBKO B HCCAEJOBaHHH
MaTeMaTHYeCKHX CBOHCTB anreOpaHyecKHX H mosyajrebpanue-
CKHX MHOXKeCTB (HCTOPHYECKH 5TO — HCXOJHAs TOUKA /14 OYeHb
rJ1y60KOro npeaMera — ajrebpaHueckof reoMeTpHH), CKOJIBKO
B TOM, 4TOOBI HayuHTbcsl OLICTPO H XOPOLIO IPeACTaBAATh cebe
HX FeOMeTPHIO, 0COOeHHO U151 >4, KOT/a YiKe HeJlb3sl PHCOBaTh
KapTHHKH (ecyld He npuberaThb K cChoenualbHbIM Tpiokam). Ha-
ubosiee MOJIE3HBIM METOJOM SIBJISIeTCS MeTo[, ceueHHH. Mbl He
OyZeM paccMaTpuBaThb 3Jech OOWME cayuyail, a NMOKaxeM Jaei-
CTBHe MeToZla Ha psjie oTAeNbHEIX NpHMepos. [lo mepe Hallero
TNPOJBHIKEHHS BIEPE] NOABUTCA ellle MHOTO JPYTrHX NPHMEpPOB.

Puc, 2.11
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Xy

a<0
@

X3

a=0
®)

X3

X3

a>0
©)
Puc. 2,13

[lepBoie nBa mnpuMepa oTHocATed K R3, rae Mbl cMoxem
CPaBHHBATL CeYeHMs] ¢ CAMHMH OOBEKTaMH.

(1) Ilyere n=3, p (x)=x3-+x1x,+x5. MBI KeNaeM npencra-
BHTb cefe MHOXeCTBO

S={x€R’|px) =0}

OukcupyeM KaKoe-1HO0 3HauYeHHE Xz, CKaxeM X,=a. Touka
(x1, @, x3) MPHHANJIENKHT S, €CIH H TOJNBLKO €ClH

x?+a’x1 + X 201

Xg=— X —oux;. (2.7)

MoxHO paccMaTpHBaTbh Xy, X3 KaK CHCTeMY KQOPIHMHAT B MJOC-
KOCTH X, =0, CTIPOEKTHPOBAB Ha Hee MJIOCKOCTD X1 X5 C [IOMOLLBIO
(QYHKIMH

(%1, Xg) —> (x4, O, X3)

(M. puc. 2.12). Torma ana Kaxzoro Bbifiopa @ ypaBHeHHe
(2.7) onpenesisieT KpUBYtO B INVIOCKOCTH X3, Popma 3Toil Ky-
Ouueckoll KPHBOH 3aBMCHT IVIaBHBIM 00pa3oM OT 3HaKa &, H
puc. 2.13 nokasblBaeT TPH THNHUYHBIX cayuyas. Mol ,cKialbiBa-
eM“ 3TH KpHBHIE B IMOBEPXHOCTb, 3aCTaBjss O H3MEHATLCS
(puc. 2.14(a)); sicHo, YTO TMpPH 3TOM MOMYYaeTCsl MOBEPXHOCTh
¢ MSITKOH cKJaZKoH, Kak 3To (c 6o/ee MJIaBHBIMU NepeXOoiaMH)
H3o0paxeHo Ha puc. 2.14 (b). C 3T0il noBepXHOCTBIO MbI BCTpe-
THMCS MHOTO Pa3 B NPHJIOXKEHHSX TeOpPHH KaTacTpog.

(2) Ilyets n=3, p(x)=x3 —x1x¥5. Mbl XOTUM npeACTaBUTH
cefe MHOKECTBO

T={x€R|p(x)=0}.

(C TouHOCTBIO J0 0603HAYEHHH 5TO TO CaMoe MHOMKeCTBO TOUeK
(a, b, ¢) ¢ b*—ac==0, KOTOPLIM MbI 3aHHMaJHCch B § 5, rme y1-
BEPIKAAJIOCh, UTO 3TO KOHYC.)

Ha stor pa3 yno6Ho cHauasa nepefiTh kK HOBbIM ocsiM. Ilo-
JIOKHM

u=(x,~+ x)V?2,
U= (xl —xs)/VQ,
w=}2x,.
Torjia Hallle ypaBHeHHe NPHHHMAaeT BHA

w—p=uw?,

u?=v2+wl.
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Kaxnoe ceueHHe MJIOCKOCTHIO #==0l, OUYEBHJHO, Aa€T OKPYHK-
HOCTb pajnyca lal, 1 MocKo/MbKY pajHyc JHHeHHO BO3pacTaer,
npu ,CJHO0XEHHH" cedeHHH NeHCTBHTEJbHO NOJy4YaeTcsl KOHYC,
npencraBieHHbld Ha pHc. 2.15. [Ipeo6pa3oBanue KoopAHHAT, HC-
N0/Jb30BAHHOEe HAMH, COCTOHT B NOBOPOTE [LIOCKOCTH X1X; Ha

45° ¥ pacTsKeHUH ¢ KO3ppUIIHEHTOM Vs HanpaBJIeHHH OCH
Xs. OcbiO MOJYYEHHOTO KOHYCA CJYXKHT OCb 4:

O=v=w,

KOTOpasgs B HCXOAHBIX KOOpAHHATaX 3aJaeTcsd YpPaBHCHHAMH

x2=0, X1==X3.

[NlosTomy Hall ABOMHOH KOHYC pachoJiokeH B TOYHOCTH Tak,
Kak MokasaHo Ha puc. 2.16. 3ameTbTe, UTO M3-3a PACTSAKEHHUs B
HanpaBJIeHHH OCH X, KOHYC HMeeT 3JJIMNTHYeCKOoe, a He Kpyro-
Boe ToNepPeyHoe ceueHue.

Puc. 2.14

Puc, 2.15
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Puc. 2.16

Puc. 2.17.

(3) Tlyctb Tenepn n=4,
U={xeR|xi4+x=1, |x|<2, |11}

Ha ceil pa3 3To — nosyajre6paHyecKoe MHOMKeCTBO (odyemy?).
Jlerko BHAETb, 4TO A/ (PUKCHPOBAHHOIO 3HAYEHHA X, = C

lal<(1 ceuenrem okasbiBaeTcsi GOKOBasi IOBEPXHOCTb LHJAHHpA
pamryca 1 u BeicoTh 4. DTO ceueHHe He H3MeHHeTcs, NOKa
lal<1, a uyig Opyrux 3HaueHHH# o OHO MYCTO. 3HAYHT, MOXKHO
CKasaTb, YT0 U — 3T0 ,4eTblpeXMepHBIH IWHIHHAD® BHICOTH 2,
OCHOBaHHEM KOTOPOTO CJYXKHT YNOMsAHYTasi 60KOBasi HOBepX-
HOCTb LHJHHAPA BBLICOTH 4.

(4) Ilycte n=4 u

V={x€R*|x}4+ x;+ x3—x2=0}

— MHOXKECTBO, XOPOILO 3HAKOMOE TeM, KTO 3aHHMaJcsl Teopues
oTHocuTeMbHOCTH! [I/1s1 GHKCHPOBAHHOTO X,=a CeyeHHe 3aja-
eTcsi ypaBHEHHeM

qtxtxi=a

370 cdepa paauyca |e|. Tak kaK paauyc MeHsieTcs JTHHeHHO ¢ o,
MHOXeCTBO V ecTb ,JBOHHON KOHYyc* Haj 3To¥ cdepoil, aHaJo0-
THYHBIH JBOHHOMY KoHycy M3 mpuMmepa (2). Cdephl ,cKJapl-
BAIOTCH CTONKOH“ BJIOJbL OCH X,, KaK IOKa3aHO Ha pHc. 2.17.

Hrobbl HayyuTbcsl NPEACTaBJAATL cefe MHOXKECTBa B pas-
MEPHOCTSIX YeTbipe M Bbillle, TpeOyeTcss M3PsAHO NONPAKTHKO-
BaTbCsl, M HAIUM NPHMePbl HAMHOTO MPOIle TeX, YTO BCTPeTATCS
HaM MO3/JHee; ONHAKO B HACTOSINYIO MHHYTY Bpsill JH Oyfer
IoJIE3HBIM 3aHHMATbCs 3THM 3Jlech JaJblie,



3 MHOTOMEPHbI AHATN3

B 3T0f ryiaBe MBI M3JIOXKHM OCHOBHBIe NPHHUUNEL AudxpepeH-
UHaJBHOIO HCUMCJIEHHUS] MHOTHX MepeMeHHBIX, ¢ NMOAYepKHYTO
reoMeTpHuecKOH TOUKH 3peHHst. M Ha 5ToT pa3 GoOJILIIHHCTBO
yUTaTeJeH OKaXKyTcsl 3HAKOMBIMH C 3HAYHTENbHOH 4YacThbio
MaTepHaJia B TOH HMJH HHOH ¢opMe, OIHAKO CKOpee BCErO He
B CTOJb TFeOMETPHYHOH, Kak 3fecb. Mbl npeinoJiaraeM 3HaHHe
OCHOB aHanu3a ¢byHKuHH ofHOH mepemeHHOH. [loKa3aresibcTBa
NPUBOJMMBIX HHXKE Pe3yJIbTaTOB, KaK MPAaBMJIO, ONMYLIEHBI; HX
moxHo Ha#itH Yy Hoacona u Ilocrona [5] uau y Cnusaka (8]
(DpuHATad B 3THX KHHTaxX TOYKa 3pEHHs CXOJHAa ¢ HaileH)
Wi BO MHOTHX APYTHX CTaHJApTHBIX PYKOBOJICTBAX.
HanGosee BakHbIH OO NPHHIMN, KOTOPHI BHIABAAETCS
B 3TOH IJlaBe, COCTOMT B TOM, UTO MPOHU3BOAHAs, MOHUMaeMast
KaK HauJyulllee AuHelinoe NPHOJIHKEHHE K JaHHOH (YHKIHUH,
ecTb Xopoio pa6orawollee npubauxkenue. [Hocaenymwolue ria-
Bbi 1a/lyT MHOTOKPaTHOE IIOATBEPKACHHE CHJIBI 3TOTO IPHHI KA.

1 PaccrosiHue B 3BKAMAOBOM NPOCTPaHCTEE

Hapsiny ¢ nuHeliHO#i cTpykTypolt R” HMeeT MeTpHUECKYIO
cTpyKTYpy. Haa x, y us R* BBenem Hopmy dopmyiioi
Ix|=Vai+. . F4
U ONPEJeSIUM paccmosHue MEXIY X U Y Kak
lx—yl-

Hcroku aToro onpejlenienust jexatr B Teopeme Iludaropa. 3to
paccTosiHue 06J1alaeT OCHOBHBIMH CBOHCTBaMH, TpeGyeMbIMH OT
PaCCTOSAHHSA, a HMEHHO!

[x]1>=0, npuuem |x|=0, ecnmu u Tonbko ecan x =0,
| x—yl=ly—x]|,
lx=yl+ly—z|=]x—2

C mOMOLIBIO HOPMBL MBI MOXKEM PaclpOCTPaHUTh Ha MHOTOMEp-
HBIl coiyyall Takue MOHATHS, KaK MOHSTHS Mpejesia H Henpe-

57
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PBIBHOCTH, 3aMeHHB oObiyHOe abcosioTHoe 3Hauesue |x! B on-
pelleleHHsIX 1J1s1 ONHOMEPHOTO C/lyyasi Ha HOpMY || x|. Mbt npen-
noJiaraeM, YTO YHTaTe/lb 3HAKOM C COOTBETCTBYIOIWHMH OJHO-
MeDHBIMH OnpejeneHHsMH. B KauecTBe npumepa pacnpocTpa-
HEHHs] YKa3aHHOTO pojia ONpele/IHM MOHSATHe npejesa A1 MHO-
roMepHOro cayuasi. (3a NOAPOGHOCTAMH M TeOMeTpHUecKoH
uHTepnpeTauneii orcwiiaeM K oacony u Iloctony [5].)
IMycts

f: R*—Rm

— HexkoTopas ¢yHKuHsS. Mbf ToBopuM, 4TO f(X) crmpesmumcs K
npedeay d npu X, CMPeMAWEMCA K a, e LS JIOO0ro 3ajaH-
Horo £>0 cyiecTByer Takoe 6>>0, uTo Kax TO/JbKO X7=a H
llx—all<<8, mbi umeem ||f(x)—All<<e. Wnaue rosops, ecau x
BbI6paTh AOCTaTOYHO GJH3KHM K a (HO He COBNAAAWIMIHM C a),
TO f(X) MOXHO CHEJATh HACTONBKO GJIH3KHM K A, HacKOJIBKO MEI
noxenaem. Mpl IHILIEM B 3TOM C/lydae

lim f (x) = A.

x—a

dyukuua [ HasbiBaeTcs Kenpepeirol ¢ a, ecau lim f(x)=f(a),

x—>a
H Henpepwisroll, ecyid 3TO YCJIOBHE BBIUIOJIHEHO A5 Bcex a € Rn.
HenpepeiBHOCTE 4151 Hac 6yleT MeHee BaxHa, ueM AHdie-
PEHIUPYEMOCTb, H HMEHHO MPH onpeleJeHHH AHddepeHIupye-
MOCTH Mbl B MOJIHYIO MEPY HCIOJb3yeM HOPMEI; 5TO ONpejese-
HHe GoJlee TOHKO H He TOJydaeTcsl aBTOMATHUECKH TePEHOCOM
C OJHOMEPHOTO CcJyuas.
Jlns nocseloBaTeIbHOCTH (a,) NOHsATHE Npefesa NpH n—-oo
onpejie/ifeTca aHaJorHuHbIM ofpasoM. [anee, beckoneynsul pad

/ 8

a
i

n

B
]

Ha3bIBAIOT CXOOAULUMCS, €CTH CYLIeCTBYeT

N
. 4
lim Y a,;

. Nowx n=1

&

B OPOTUBHOM CJ1yYae TOBOPSAT, UTO OH Pacxodumcs.

Hna x € R* u r>0 omxpoumsul wap ¢ NeHTPOM B x pajuyca r
onpenesisieTcsd Kak MHOKECTBO

{yeR||x—yll < ri.

IMoamuHoxecTBo X cR” Ha3swpiBaeTcss OMKpoimeiM, €Cau s
KaXJ0oro x € X cyllecTBYeT OTKDBITHIH I1lap C IEHTPOM B X,
uesukoM Jexamuil B X, IlogMHoxkecTBO Y HaspiBaeTcs OK-
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PECHOCBI0 TOUKY X, €C/IH 3Ta TOYKa JIEXKHUT B HEKOTOPOM OT-
KpbiToM MHOXecTBe X, cojepxaiemcs B Y. ToBopar, uro
JaHHOe CBOHCTBO BHIMOJHEHO JA0KAAbHO B TOUKe X (MJH
664131 X), €C/IM OHO BBIMOJIHEHO [J1s1 BCeX TO4eK y U3 HeKoTopoi
OKPECTHOCTH X,

2 Mpowu3ssopHasa Kak kacaTensHas

B stom naparpade Mbl COCPefOTOYHM BHHMaHHe Ha cieyolleM
BOIpOCE: KaKUM JO/KHO ObITb pa3ymHoe U noje3xoe onpejese-
HHe MpPOU3BOAHOH oT ¢yHKuuu f: R*—R7?

HanomuuM, uto anas ¢yukuuu [ : R—R Mb1 onpesensem ee
npou3BOAHYI0 Kak (yukuHio Df (MHaue U Gosee TPajHLHOHHO
obosHauaemyio uepe3 df/dx), mns Koropoi

Df I":;Ili_l,no &ﬂ‘h)_*_&‘l, @3.1)

npH yc/JOBHH, 4TO mpejen cyulectByeT. (M numem sgecy Dfl,
BmecTo Df(x), Tak Kak 3Ta 3anuchb NPHUBOAHT K Oojee SICHBIM
nocJeayiomuM ob6o3HaueHHsiM.) OnHaKO 3To omnpejlejeHHe He
nepeHOCHTCsT HenocpeACTBEHHO Ha MHOTOMepPHBIA caydad. [Tpex-
Jie BCEero 3aMeTuM, 4To x u A Gepytcs u3 R#, a f(x) u f(x-+h)
JAexaT R” u npasas 4acTb (3.1) norpeoBaja Obl OT Hac yme-
HHs JeJHTb BekTop 3 R” Ha BekTop H3 R™, uero Henb3d
clesaTh HHKaKHM OCMBIC/eHHbIM obpasoM. [laxke ecan Obl HaM
¥ YAaJoCh KaK-TO C 3THM CHPaBHThCs, Ipefesl BCE PaBHO MOT
6Bl He CYLIECTBOBATb Aaxe B C/1ydasX, TJe NMPOM3BOAHAs 3aBe-
JOMO JOJKHA CYIIeCTBOBaTh,— BCé 3aBHCHT OT HalpaBJ/eHHsd,
no kotopoMy h npubauxkaercss k 0. Hanpumep, nycrs

fi R2—R,

f(x)=F (%, %3) =% +2x,.
Torna

[ ((erxg) + (O,hh))—f (x1, Xg)

=2 JJd BceX A,

=] jaust Bcex A.

f((x1, x2) 4 (B, 0) —/ (x1, %3)
h

D710 03HAYAET, YTO Tpejes JoaxKeH Obll Obl PAaBHATHCSA OJHOBpE-
MeHHO | H 2 — sBHas yemyXxa.

BumecTo Toro 4ToObI OBITATHCS OOOBIIUTL dopmyay (3.1),
BepHeMcsl K OCHOBaM. ['eoMeTpHuecKH 3HauyenHe Df B Touke x
BLIPAXKAeT HAKJIOH KacaTesbHOH K rpaduky f B Touke (x, f(x)
(puc. 3.1). TTose3no BpeMeHHO NepPeHecTd Hauyalo KOOPAMHAT B
- Touky (x, [(x)), HOCKOJMBKY TOTAa KacaTeibHass Oynaer rpa-
duroM aunednod dyskunn A: R — R xak npsMasi, npoxoas-

Puc. 3.4
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Puc. 3,2

mas yepe3 Hauaso. PakTHUeCKH KacaTelbHas NaeT HAUAy4Luee
AuHetinoe npubausicenue K f. 1aMepHTb, HACKONBKO XOPOLLO
NpHOJHKEHHe, MOXKHO, CPAaBHHB

fe+h) u f(x)+Ah)

Ang Manwix h (cMm. puc. 3.1). OkasbiBaeTcsi, BCE, UTO HYXKHO,
9TO 4YTOOHI

If (x4+h)—f (x)—A (h)]

cTpeMusiocb K O Oviernpee, ueM h (MoTHBHpOBKAa — puc. 3.3,
KOTOpPbIH Mbl OGCYAHM B CBOe BpeMsi); HHaye roBops, OUIHGKa B
npubamxenut f(x1-h) c¢ momowbio f(x)+A(x) mo/mxHA GBITh
«MeHbHIero mopsiaka, ueM h», TouHee, Hajo, YTOGHI
[feth—=t=2®m] _
1Al

nopu h—-0.

Paccmotpum Teneps ¢dynkumio f: R?2 — R. Mbl MokeM Ha-
pucoBaTh ee rpagHk B R®; OH BBITJISAHT Kak pesibed MECTHOCTH,
Kak Ha pHc. 3.2. Ecnu sTor rpaduk AocTaTouno ,IMadok% B
TouKe (X, f(x)), To B 3Toil TouKe GYyAET CyllecTBOBATh KacaTelb-
Hast nJjockocThb K HeMy. CHoBa (1oc/ie mepeHoca Hayasa) 3Ta
IJIOCKOCTb CJYXKHT TPaQHKOM HEKOTOPOrO AuHedH020 oToOpa-
xenHs A R?—> R, H ee KacaTeJbHOCTb BBIPAXKAeTCs B TOM
¢axre, 4TO

IF(x+my—F (£} =2 (R)]
CTpeMHTCSA K HYJIO ObICTpee, YeM A, T. €.

1 ot —f ) —A B
( Tl )=o. (3-2)

lim

h—0
Tenepb RomKHO GBITH SCHO, KAK HYXKHO 0GOGLIHTE 3Ty dop-
MYJIHPOBKY Ha cay4ad Gosiee BBLICOKHX pa3MepHOCTel: Hajlo
HaHTH JMHeHHoe oToOpa<eHHe, HAMJYYIIHM O6Pas3oM annpox-

R
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CHMHpYIOIlee pacCMaTpHBaeMyl (YHKIHIO (reoMeTpHYeCKH
OHO OTBedaeT KacaTeJbHOH THIEpIIOCKOCTH), IpHYeM B Ka-
YecTBe OINpejesleHHs ,HaWAYyyileH anlpoKCHMAaLHH“ HCIOJb30-
BaTb (3.2).

Hrak, Mbl roBopuM, uTo dyHKuMs f: R* — R” dugpgepen-
yupyema B Touke x € R?, ecau cylllecTByeT JHHeHHOe OToOpa-
xetde A: R* — R, nasa kotoporo

(L =] =A@ _
lm ( Th] )=o. (3-3)

Ecnu takoe JuHefiHOe oToOpaxkeHHe A CYIIeCTBYET, TO OHO
eIUHCTBEHHO (MBI OTJIOXKHM HEHaJo/r0 J0Ka3aTeJlbCTBO 3TOrO
takTa). Mbl Ha3biBaeM ero npou3go0xod f B x U NHILEM

Df|,=A.
TokakeM INpexje BCEro, Kak I[epeHHTeplpeTHPOBAaTH Ha

3TOM s3bIKe [TOHsITHe oObluHON npou3BoaHol. Ilyers f: R >R
uMeeT npou3BofHYw [ : R— R u nycrtb Aast GUKCHPOBaHHOrO X

f’ (x)y=A.

Mul yTBepxkaaeM, uTo oTobpaxenHe A+ Ak ecTb NPOU3BOAHASA
B TOUKE X B HOBOM cMbicje. [deficTBHTeNbHO,

et —fx)—A] fxth)—fx) A
[h} - h ’

u TaKk Kak (f(x+4-h)—f (x))/h—A npu h—0, To u Bcé 3To BbIpa-
XeHHe CTPeMHTCA K HYJIO, Kak H Tpebyercs.

JpyruMu cnoBaMu: KaxJoe JHHeHHoe oToOpaxenue R — R
UMeeT BUJ x+w—> [LX s COOTBeTCTBYIoWero B € R, U 3HaueHue W,
oTBeualolllee TPOU3BOJAHON B HalleM HOBOM CMbIC/IE, H €CTb KakK
pas 3Ha4eHue Npou3BoAHOi f* B X (B cTapoM cMbicie). JIHImb Gaa-
rofiapsi TOMY COBNaJeHHIO, YTO JHHeliHble oTo6paxeHusa R — R
ecTeCTBEHHO OTBeUaloT BellleCTBEHHBIM YHCJIaM, MOMKEM MBI 3aMe-
HATH JIHHelHOe OToOpaxeHHe X —> UX BellleCTBEHHLIM YHCJIOM L.

Crenyiolilee NoHsiTHe ofJieryaeT ofpallleHHe cO BCeMH 3THMH
peilamMd, Bynem roBopuTh, uto g : R — R” HMmeeT menouiud
nopadok, e b, 1 nUcaTh

g=o(h),
eCcJIu
lg MWA[— 0 npu h— 0.

dopmyny (3.3) H3 onpefeseHHst NPOHU3BOJHOH MOXHO TOraa
3amucaTh B 9KBHBAaJIEHTHOM BHJE

fFe4-h)—f (x)—A (h)==o0 (h). (3.4)
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() ()

Puc. 3.3

xX+h

910 Hajo NpeicTaBaAATb cebe Tak:

(J(x+h—fx) - Ah) = o(h).
N
#2MeHeHue f M3MEHeHHe JIHHEeHHOro
BOJIH3H X oTo6paxeHnus: BOIH3U X
— .
HACKOJILKO XOPOIUHM MpPHGIMKeHHeM Jyduie, ueM
ApJaseTcs AP 4TO-NHGO JIH-

HejiHoe no A.

Ecnn p u ¢ — takne ¢yukuuu, uro p=o(h), g=o(h), u ecau
a, BPER, To ap-+Pg=o(h). Ucnionbays 3ToT GaKT, Mbl MOXKEM
Tellepb JOKa3aTb eJHHCTBEHHOCTb NpoH3BonHof. JlonycTHM,
yTo Hapsiiy ¢ (3.4) BHINONHAETCH COOTHOLLEHHE

f(x+m)—f (x)—p (h)=o(h).
Briuntas ero u3 (3.4), nonyunm
A () —p (H)=o (h).

Ho scro, uTo nuHeltHoe oToOpakenue, siBisioieecs o (h), 10JXK-
HO OLITb HYJieBhIM. JleficTBHTeNbHO, YCTh O nuHefino H 0=o0 (h).
Toraa ans mo6oro ¢GHKCHPOBaHHOTO h

18(th) [ th]— O npr ¢ — O,

Lo mlieiial— o0,
WU

16 ) [fAl—0.

Ho h ¢ukcupoBano, sHauut, 6 (h)==0. CaenosatesbHo, 0==0,

Tak Kak otoOparkeHue A—p JuHelHO U aB/sietcs o(h), TO
no goka3aHHoMy A—p=0, T. e. A=n. Tem caMbIM eJHHCTBeH-
HOCTb JIOKa3aHa.

TeomeTpHueckH sicHO (W3 paccMOTpeHHsi MNMOJOGHBIX Tpe-
YTOJbHHKOB), YTO DasHOCTb MeXIY ABYMSI Pas/HUHbIMH TH-
MepnJOCKOCTAMH He MOXeT ObITb 0(h). 2TO HJIOCTPHDYeTCs
puc. 3.3.

Bynem roeopute, urto OyHkuus f: R — R™ Ougpcpepen-
yupyema, ecsiv oHa nuddepeHupyemMa B KaxaoH Touke x € R?,
Ee npoussoonod nasosem ¢ynkunio Df, sHauerne Kotopoit Dfl
B TOUKe X eCTb JIHHeHHoe oToGpaxkeHHe, oMpeje/ieHHOe BhILLe,
Ecau o6o3HauHThL uepes

L(R*, R=)
MHOMKECTBO BceX JIHHEHHbIX oToOpaxeHHi u3 R” B R™, To Mb
HMeeM

Df: R» — L(R”, R~).



D10 nokasbiBaeT, 4yTo Df -— HoCTATOYHO CAOKHBIA OGBEKT.
B cayyae n=m=1 mbl Moxem oroxJectBuTb L(R, R) ¢ R
u cuutath, 4to Df : R—R. Ho B o6mem cayuae Df He sBas-
ercs otobpaxeHuem R?”—>R”, TakoBbiM U BI0GABOK JHHEHHBIM
siBasieTcs ero auauerue Df|, B Kaxno# Touke x.

[ns onepauuu B3sTHs IPOU3BOJAHON ClIpaBelJIUB Psifl CTaH-
JAapTHBIX MPaBHJ, KOTOpble MBI MpUBefieM 3Jlech Ge3 JoKa3sa-
TeJbcTBa. JlokasaTesnbcTBa MoxHO Haiity y Crnusaka [8].

(@) Ecan ¢yukumus f: R* - R” nocrosuna, to Dff,=0.

(b) Ecam ¢yukuus f: R* - R” nuueiina, 1o Dfl,=f nas
BCEX X.

(c) Eciu dyukuus f: R* - R” 3apana kak [(x)=(f (1),
v v [n(x), TO OHA AH(depeHUHPYeMa, €CIH H TONBKO €C/IH
Auddepenurpyema Kaxkias M3 GyHKUHHA f;, 1 B 3TOM clydae

Df!x=(Df‘ ,JC' A ) Dfm,x)'
(d) Eciuf, g: R* > R# u AR, 1O

D([+8lx=Dfl:+Df .
D (M) [ =ADf .

() Ecau  f:R* > R” nmuddepenuypyema B x, a
g:R=» > R? nuddepeHuupyeMa B f(x), TO KOMMO3HLHS
gof : R* > R? (onpenensiemass ¢opmyaoll  gof (x)=g (f(x))
TaKxxe AHddepeHuHpyeMa B X U

Dgofl,=Dgliw o Dfl..

Ota dopMyJia Ha3bIBaeTCsl YenHuiM nPasuiom (B ,KJaaccHIecKom™
AndpepeHHaNbHOM HCUHC/IEHHH €ro OGbIYHO HMEHYIOT ,npa-
BuJiom JAuddepeHilipoBaHus CAOKHOH (QYHKUHH).

HmetoTea Takxe npaBuaa auddepeHUHPOBaHUs NPOH3Bele-
HHS MJIH YacTHOro fJ1s yHkuui R® — R, KoTopbie aHa/lOrHUHb
oOLIuHbIM TpaBHaaM Jas GyHkuui R — R.

3 TopuzoHTanM

®dyukuuw f: R* >R 4vacTo MOXHO HalVIiAHO MpPeACTaBHTDb
C NOMOLIBIO ee e0puU3oHmanelt — MHOXeCTB

{xeR*|f (x) =c}

AJ1s1 BCEBO3MOXHbBIX BHIGOPOB KOHCTAaHT ¢ € R. DTH MHOXecTBa
(Ha MpaKTHKe, KOHEYHO, JIHIUb MOAXOAsWas BbIOOPKa H3 HHX)
JOCTaBJISIIOT HaM HH(opMalHIO 0 rpadHKe GYHKUHH f TOYHO TaK
®e, KaK TOPH3OHTaNH (JMHHHM YpPOBHA) Ha reorpadHyeckoi
KapTe paccKasblBalOT O pesbede 3eMHOH MOBEPXHOCTH; rpaduk
noJydaetcs ,CK/alblBaHHeM" ropH3oHTa/ell, KakK 3To Oblio

§ 3 TOPU3OHTANM 63
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Puc. 3.4

Puc. 3.5

@

©

x2+y2 x2+~;-y2 x2 xz—%y xz_yz
®) © @ @© ®

omucano B § 7 ra. 2. Ha puc. 3.4 npencrapyieHsl JHHHH YPOBHSA
st wecTH QyHRuMil R2->R, ¢ KOTOPHIMH MBI BHOBbL BCTPETHM-
ca s 11,

Ecau f uHefiHa ¥ OTJIMYBA OT HYJIsi, ee TOPH30HTAMH NapaJ-
JIJIBHBL, ,IPSAMBI® H MMeloT pasmepHocTb n—I1. JI1sa riaikod
byHRUMH [ TOPH3OHTANH ee Mpou3BoAHOH Df B naHHOH Touke
Hauay4yuiiM obpa3oM cpeln BceX ,NPAMBIX® H paBHOMEPHO
pacnpefie/leHHBIX TOPH3OHTa/Jlell NPUOIHAKAIOT TOPH3OHTaMH f
B6JM3H 3TOH ToukH (puc. 3.5).

4 YacTHble npou3soaHble

Has f: R*—> R u x €R" npegen

<f(x1, coe XA, ...h,x,,)—f(xl-, ...,x,,))’

lim
h—0

ecJH OH CYUIECTBYET, HA3BIBAETCS 4HacmHMol npoussoOHol [ B




§ 4 YACTHEIE NPOM3BOAHBIE

TOUYKEe X M0 X; H of03Ha4yaeTcs yepes

Dif {x
au6o, BoJiee TpaAHuIlHOHHO, Yepe3
of of __of
67[;( HJH Bx—i(x)—a_xi(xl, ...,x")

(CHMBOJ X; WCTO/Mb3YeTcsl B JBYX Das3JHyHbIX cMblcaax!). ta
4yacTHas NMPOU3BOJHAsi paBHa OObIYUHOH NMPOU3BOJAHOH OT (PyHK-
uun g : R — R, onpefesenHol ycjioBueM

g(y):f(xl’ e Xpea Yy Kigy e ea Xp)s

B TOYkKe y=2x;. 3lecb Bce IPYrHe nepeMeHHbIE X;, j7I, paccMa-
TpHBalOTCs NPOCTO KaK KoHcTanTel. OTcloga BhITeKaeT, YTO
D;fl, ecTb HakJOH KacaTeJdhHoH K rpaguky f, npoBeleHHOH
B HanpaB/eHUH OCH X;; 3Ta KacaTe/1bHas COBNajaeT ¢ NPsAMON,
Mo KOTOpOH KacaTeJbHasi THIEPIJIOCKOCTb K I'paduKy [ nepe-
ceKaeT KOOPAHHATHYIO MJOCKOCTh, 3alaBaeMYl0 YPaBHEHHAMH
x;=const (j==i) (cM. puc. 3.6).

3HayeHHe YaCTHbIX NPOH3BOAHBIX COCTOHT B TOM, YTO OHH
LOCTaBJSIOT sIBHBIE BBIPAXKeHHs IJisi MPOH3BOAHON B cTaHAapT-
HbIX KOOpAHHATaX. A HMeHHO, ecad [ : R* — R” nuddepeniu-
pyema B x, To D,f;l, cymecrsyer nasa Beex i, j u Dfl, umeer
B CTaHIapTHHIX KoopAnHaTax s R7, R™ matpuiy

| 7]
[Dif/' ‘x}’ NJH [% x]'
3pmech, Kak o06bHO, f(x)= (fi (x), . . ., fm (X)).
Hanpumep, nyctb
f: R* — R?, f(x’ y) =(xz -I-!/z» e*, _l/)-

3 T. Mocron, H. Crioapr

o
v
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Torza
fl ()C, y):x2+y2’ fﬂ ()C, y)=e", f3 ()C, y)=y

0h _ 0f2 __ dfs __
—5y———2[, ——5y——0, 0y =1,
3Hauur,

2x 2y
Dflu = 0.
0 1

MoxHo nokasath, uto Dfl, cymectByeT, ecin Bce 0f;/0x;
CYLIECTBYIOT W HeNpepBIBHBI (0OpaTHOe yTBepxJeHHe, BooOiile
rosopsi, HeBepHo). Takasi QYHKUHMS f Ha3bIBAaeTCs HENpepsisHO

Oupeperyupyemolt.
5 Bbicwmne npounssogHble

HonyctuMm, uto ¢yukuus f:R”— R™ nupdepenuupyema.
PaccMOTpHM ee IPOH3BOAHYIO

Df: R* — L (R", R™),

rae L (R, R™) — mnpocTpaHCTBO JHHEHHHIX oToOpaxeHHH H3
R7 B R™. Kaxawfi snemedHt u3 L (R”, R™) 3anaercs matpu-
uefl pasmepa nXm, H, BBIMHCHIBAS 3JEMEHTHl 3THX MaTpHIL B
KakoM-HHOYZb (PUKCHPOBAHHOM NOpPSJKe, MBI MOXeM OTOXJIe-
creuth L (R*, R™) ¢ R*». Takum ob6pa3om, Ha Df moxHO cMO-
TpeTh Kak Ha oTobpaxenHe H3 R” B R*”. 310 oTobpaxenue
MOXKeT ObITb, a MOXKeT H He OuiTh IH(depeHUHpYeMbIM. Ecau
oHo mubdepeHnHpyemMo, TO A Bcex x€R? cymecTsyeT
D (D)1, u B 3ToM ci1ydae Mbl TOBOPHM, 4T GYHKILUSA [ d6asdb:
OQudppeperiyupyema, U MHILIEM

D lx=D (Df) lx'
Hnst xkaxnoli ToukH x €R" emopas npoussodnas D3l B
5TOH TOuKe ecTb JiHHe#iHoe oToGpaxenne u3 R? B L(R?, R™).
3T0 JOBOJILHO CJIOXKHOE [OHSTHE MOXKHO HHTEPIPETHPOBATL C
noMoiblo koopauHar. [lyeth x € (%1, . . ., X,) ER® u f(x)=
=y (x), ..., [m®x)€ER~ Toraa mbl HMeeM MaTpHILY

J

of




3HauuT, B cTaHJApTHEIX KoopAHHaTaX Df 3anaercs paBeHCTBOM
Df=g, rne
ofy

g(x)=[g/; (M), &1 (*)=5;;
Ho Dg |, umeeT maTpHiy

EAN

x

6xk
H
Ogsi| 9 9| 9
oxp ;;—max_i e 0xp0x; |’

Takum o0pasoM, matpuua D? cOCTOMT U3 BceX BTOpPHIX HacT-
HblX TPOH3BOAHBIX OT KOOPAHHATHLIX pyHKumil f;. He yausu-
TeJIbHO, UTO OIpeAeelle oJYyUaeTcsi J0BONbHO-TaKH CA0XKHOe!

B naubosiee HHTepecHOM JJig HAC caydae oTobpaxeHnii R*—
—R BTopas Npou3BofHast npelcTaBasercs mampuyed [ecce
(nn  eeccuarom)

o2f
[ax,- ax/ x] *

B oflieM H 1esloM, sIBHOe ONHCaHHe TpeTbell NpoH3BOAHOH
HaM He notpebyercsa. OAHaKO MBI 4acTo 6yleM AenaThb Mpel-
TNI0JIOXKEeHHe, YTO HHTepecylollie Hac QYHKIHH SIBJSIOTCS 24a0-
Kumu, T. €. 061aJal0T NPOH3BOAHBIMH Jr00oro nopsiaxa. B ko-
OpAMHATaX 3TO O3HauaeT, YTO HX YaCTHLBIE NIPOU3BOAHLIE JIIOOOTO
NOpsilKa CYLIECTBYIOT (H HelpephIBHLIL).

Ecsu y GyHKIMH f CYLIECTBYIOT U HENPEPHIBHBI YaCTHLIE NI PO-
H3BOJHBIE O MOPSAKA 7 BKJIOUHTENIbHO, TO MBI TOBOPHM, HTO
oHa r pa3 Juggeperyupyesra WIH 4YTO OHA NPHHALJIEKHT K
kaaccy Cr. najkue (YHKUHH NpHHajpdexaT K kjaaccy C”.
Huorna Mel OyleM oc/a1abasiTh Yc/a0BHe AU(depeHIHpYEeMOCTH
Jo Kycodnod AugdepeHLHpYeMOCTH, Korja (YHKIHIO MOXHO
NPeACTaBHTb B BHJe CYMMBI KOHEYHOrO YHcJIa (PYHKUHH, Kax-
llasi U3 KOTOPBIX OmpefleieHa Ha cBoef o6JacTH H TaM AHbpde-
peHIupyema.

6 Pap Tennopa

OnHa H3 cTaHAApTHBIX MaTeMaTHYeCKHX MPoOLedyp COCTOHT B
TOM, uTo OepyT riaakylo ¢yHkuuioo f: R—R u pasnaraior ee
B pad Tedaopa

f(xotx)=aot+ax+axt+asx®+ . . . (3.5)
B JaHHOH TOuKe X,. [lo Tpamuuuu npeicraBjeHHe STHM PsIOM

CUMTAETCS MOJIE3HBIM TOJBKO B CJyuae, KOrja OH CXONHUTCS B
HEKOTOpoH oKpecTHOCTH U TOUKH X, H CyMMa ero TaM paBHa

3‘

§ 6 PAA TEANOPA
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3.7. Pad nocredosa-
MeAbHbIX  cmpyd  (pyHKLLU
sin (x). (Mawunnoe epa-
¢uxu  00e3no  npedocmas-
aent X, P. 11, epeyco-

Puc.

Hos w3 Yuusepcumema
Bpueama  Slnea  (BYU),
IIposo, [fOma.)

Sy of ] 17| 20p 251 29] 33 371 41

—
E—

[

31 7 u 151 191 231 27 311 351 391 43

f(xo+x). B 3TOM caryuae GyHKUHUSI f HA3LIBAETCS] QHAAUMLYECKOL
B Xo. Pl MOXHO TOr2 NouseHHO AHQpepeHIHPOBaTh B HEKO-
TOpoli (BO3MOXHO, MeHblleiH) OKPeCTHOCTH V TOUKH X, U OT-
CIOfa BBHITEKAeT, UTO ero KoshpHIHeHTH g, 3aJatoTcst GopM Yol

1
a, = Tr Drf Ixo.

Haxe ec/i f U He sIB/IsIeTCS aHAJIUTHYECKOH, 3TY QOPMYNY MOXK-
HO HCNOAB30BaThb AJd 3afaHua ¢opmanbHoro psiga Tehsopa
&yHKUMH f, HO, KOHEYHO, y Hac OoJiblile HeT TapaHTHH CXOIHM-
MOCTH MOJYUEHHOTO Psifia, a €cJH OH M CXONHTCS, TO HeJb3si
OLITb YBEpEHHEIM, YTO K f.

K npumepy, ¢yHKIHS sin (x) aHaAMTHYHA, H ee psal Teino-
pa B HayaJle, KaK XOPOIUO H3BEeCTHO, BBIIVISIAHT TakK:

. x3 xb X7
sm(x)=x—ﬁ+3!———7—l+ e

Ha puc. 3.7 nokasanbl rpadukH NOJHHOMHAJBLHBIX QYHKUHH,
KOTOpBIE MOJYYaloTCsl, ecqIH OTPAHHYUTLCS NEePBLIMH f YJIeHaMH
psina, Ans n<.43. M3 sToro pucyHka oT4eTJIMBO BUAEH Xapaxkmep
cxoauMocTH psija Tefinopa. Jaxe mpH odeHb GOJBLIOM YHCJe
4/IeHOB MPHOMHIKEHHEe o4YeHb IJIOX0 BAAJIH OT HayaJsa; ¢ APYyTroi
CTOpPOHBI, BGJIN3H Hayasa MpHOJHKeHHe odeHb xopouree. C po-
CTOM YHCJIA YJIEHOB YBEJHYUBAETCSA H TOYHOCTb NPHONUKEHHS, H
HHTEPBaJ, Ha KOTOPOM 3Ta TOYHOCTb JOCTHraercs.

He Bcerja sicHO 0Co3HaeTcsi TO OOCTOSITENBCTBO, 4TO s
raafkux ¢yHkuuii paj Te#Jopa MOXKET PACXOAMTBCS HJIH MO-



KeT CXOIMThCsl, HO He K ToH cymme. Hanpumep, momoxum
J O npu x=0,
X)=
F) \ e-¥/** npu x=%0

(cm. puc. 3.8). Jlerko npoBepsieTcsi, YTO /ISt BCeX M
lim Df|, =0,
x>0

OTKya cJelyeT, uto GyHKLHUS [ Tiaikasi (MHBIMH CJOBaMH,
CKJeHBaHHe N0 3liaueHHio 0 B Haya/le He HapylaeT IJaJKoCTH,
NOCKOJIbKY QYHKLUHSA e~ 1/** oueHb ,MJ0CKas“ BOJH3HM HadaJa).
Ho

Drf lo: 0

1as Beex n, U psf Teftnopa ana f B Haualle HMeeT BHJ,
0+0x+0x2+0x+-. . . .

OH, KOHeYHO, CXOAMTCH, HO He K f.

Onua teopema Bopensi (cM. Bpéxep u Jlaunep (91, crp. 44)
fI0Ka3bIBAET, UTO e/10 MOXKeT 06CTOosATh elle Xyxke. MMenHo, a5
2006061 Noc/eJoBaTe/IbHOCTH BelllecTBEeHHbIX uHced by, by, b, . . .
MOXKHO IIOCTPOHTE IVIaJkyw ¢yukuuwo f: R—R, nas koTopoi
psanoM Tefliopa B HyJe CJAYXHT

botbix+bax®+ .. ..

HerpynHo Beipath b, Tak, YTOOH 3TOT PSIA pacXoAuJcs s
Bcex x==0; Hanpumep, rogutcst b,=r!

B npuknaguofi MaTemMaTHKe HJH B (H3HKe psifbl Telsiopa
OOBIYHO HCHOJNB30BAIHCh /sl NOJYUEHHsT HNPUOJHKEHHH K f,
¥ HeyAUBHTeJbHO, uTo ocofoe 3HayeHHe NPHAABAJIOCh AHAAU-
MULHOCTIU.

B JjeficTBUTE/IBHOCTH AHAJNHTHUHOCTL He sBJsieTCH HHU
HeoOXOJUMOH, HH JOCTATOUHOH JAJAS CIPaBeJJIHBOCTH TaKHX
npub/IHKEHUH, eclH HMeTb B BHAY Te HPHJIOXKeHHs, paju
KOTOPBIX OHHM HCNOJNL3YIOTCsl. AHaJUTHUHOCTL Obljla Hepeole-
HeHa, U OOpaHleHHIO B HYJ/b OCTAaTOUHOrO 4YJeHa

szf(x0+x)“—(ao+a1x+ s +akxk)

B npejese NpH R, CTpeMsLIeMCS K 0o, YeJs/Ii Yepecuyp MHOro
BHUMAaHHSI; [0 OCTPOYMHOMY BBIpaXKEHHIO 3HMaHa, OblJIo H03-
BOJIeHO, uToOkl XBOCT (psiia Teisopa) Buasinm cobaxofit.

3 A Be cobaxa xpocroM, B opurunane: ,allowing the tail of the Taylor
series to wag the dog" — obuirpeiBaeTcsi eme CXOACTBO 3BYYaHHs CJOB tail
(xsoct) W Taylor.— [Tpum. nepes.

§ 6 PA4 TEMNOPA 69
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Hanpumep, BbinHMcaHHBIA HamH Bbiie psa Tedsopa O+
4-0x+-0x2+. . ., XOTsl OH M He cXoauTca K f(x), NpekpacHO
npub/aHXKaeT 3Ty QYHKUHIO B Hadajle C KaYeCTBEHHOH TOUKH
3penss. OH YETKO yJaB/HBaeT TO, UTO [ O4eHb NAOCKAS B HYJE.
Yero on He yJAaBJHBaeT, Tak 3TO TOro, 4TO Hayajo ecThb Jo-
KaJbHBIA MHHHMYM 1051 f; AefCTBHTeJbHO, QYHKIHSA —f HMeeT
B 0 Tor xe camuifl psin Tefsopa, HO JIOKaJbHBHIH MAaKCHMYM.

Jas mo6oit ryafkoil GyHKUHH f Mbl onpelensieM ee psd
Tetinopa B Hauane KaK (opmaabrbitl CTENIEHHOH Psil

-
Z —r—lDrf Io-x".
r=0

OrpaHduuBasich WIeHaMH CTElleHH He Bbillle B, MBI MOJydaeM
k-cmpyio
k
i ~
#F(0) =22 77 DFlo- "

r=0

(TIpu cTpPOroM H3/10XKEHHH TEOPHH 3TO Ha3BaHHe 3aKpellisiercs
3a HeCKOJbKO GoJsiee aGCTPaKTHBIM MOHSTHEM, KOTOPOe olpe-
Jensercs GecKOOpAMHATHBIM 06pasoM H JJ1si KOTOPOro BBEJEH-
HOe HaMH MOHSTHe CJAYXHT KOOPAHHATHEIM BBIDasKEHHEM. ST
BHOCHT FaPMOHHIO CTPOTOCTH B MeJIOAHUECKYIO HTDY KOOpAHHAT,
KOTOpOH 3aHMMaeTcsi TeOpHSI, HO MOCKOJBKY MBI OllycKaeM Bce
Gosiee WM MeHee IJ1yOoKHe 10Ka3aTe/bCTBa, MOXKHO He [HaThb-
¢S 3a MOJHOM CTPOrOCTEIO.)

AT yceueHHble PAAbl MPEACTABJSAIOT COOOH MHOTOY/IEHHI,
3ajal0llHie BIIoJHe , J06GPONopsiAoYHbIEe® IOJHHOMHA/bHLIE PYHK-
HHH

*f: R—-R

He3aBHCHMO OT TOTO, CXOJHTCS WJIM He cXonMTcs psh Tefiaopa.
Ilanee, OHM cofepXaT onpelefeHHyl0 HHGopMauHio 06 f.
Bynem rosoputh, uto ¢GyHKHHA g :R—>R umeer B Havase
nopsdok k, ecau

0=g0)y=Dg|,=... =D*'g|,.

(Y cnoBUMCS OTAEIbHO, YTO KOHCTAHTHI HMEIOT NOPSIOK HYJIb.)
CumBos O(k), KoTopbifl cjenyeT oTaH4aTbh OT 0(h), BCIOAY B
najlbHefilleM O3HauaeT ,HeKoTopash GYHKIHS TNOpsAKa k.

SIcHo, 4To j*f — 5TO €NMHCTBEHHbIH MHOTOYJIEH CTEeNEeHH
<k, pna Koroporo f—jkf umeer nopsgok k+1. Jpyrumu ciao-
BaMH, r-e npouseodnvie B 0y f u jif cosnadatom das r=0,
1,2,..., k Tem cambiv psaa Teflopa 1 ero ycedeHus oKashb!-
BaloTCsl yAOOHBIM (OPMaJbHBIM CPEACTBOM Il MOJyYeHHsT HH-



topMalliH O NPOH3BOAHBIX (GYHKUUH f H, 3HAYHT, O ee dopme
B6IM3K Hayana. ViHo#l pas Ham mpujercs u3yyaTh [ BOJIH3H
ToukH y=0, Torma Mbl GyneM nucatb jif mnsa k-cmpyu f 6 y,
T. €. k-ctpyu QyHKIHH X +—>f(y-+x).

3aMeTHM, YTO AJIsl MHOTOYJIeHa HOpsadoK — 3T0 HaWHM3IIas
cTelleHb, C KOTOPOHA B Hero BXOJAAT MepeMeHHble, a CmeneHs —
HaHBBICILAS,

Bosee ofmum obpasoM, psa Teiltlsiopa MOKHO onpelesHThb
nast JoGolt raakoft oyHKuuu f : R* — R~ B 6eckoopanHar-
HOlt ¢opMe OH 3alHChIBaeTCs Tak:

)+ Df ey o A= D ey (80 oy D).

B r-M YJIeHe X NosiBasieTcsi r pas. [lyia aHaJIuTHIECKOH (BYHKIHH
f a10T psin cxomuTest K f(Xo+x) B HEKOTOPOH OKPECTHOCTH Xo.

[epex/mounnMcs Tenepb Ha KOOPAHHATHRIA A3BIK M paju NPo-
CTOTH MOJIOKHM m=1 (eZIHHCTBEHHHIN HYKHKIH HaM c/ayuaii),
tak 4To f : R"—>R. Torna

Xy :(x01’ sy xun)»

x:(xlv R | xn)r

H r-ii ysleH psjaa Teﬁmopa HMeeT BHJ

rlz.-ax . 6x,r

3/lecb cymMa GepeTcsl 1o BceM NOC/eloBaTeNBHOCTAM Iy, . . ., i,,
TakuM uto O0<{i;<{n mia Kaxngoro j. Hanpumep, ecan f : R? —
—->R, xi=x, x;=y, x,=(0, 0), TO Haua/bLHble UJeHH psjla
Telinopa TaKoBbI:

Xiy oo xt-r;

X0

1O, 0+ (| 5+ )+
+7(g;£ ox2+aizafy y+0ydx x+0y Iy) .

Crpyu jiof u jEf=j%f nomyuaroTcsi, Kak H BhlULE, yceYeHHEM
paja, H HX 4YaCTHbIE NIPOU3BOJAHLIE COBNAAAIOT C YaCTHBIMH NPO-
u3BonHuIMH f. ,XBoct f-—j*f psina Teiliopa nMeerT B Hauase
HyJieBble [POH3BOJHbIE BIJIOTh A0 k-ro nopsiaka. Mel Tak ya-
cTo GyneM ofpalllaThCsl K 3TOMY BLIPAXKEHMI0, UTO BBeJeM IJsl
HEro CcoKpallleHHoe o0o3HaueHHe ,Tels“?!,

1 B opurunane Tayl — ,cpepuee® mexay tail (xsoct) u Taylor (Teitnop). —
Hpun. nepes.

§ 6 PR TEMNOPA
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7 YceuenHas anrebpa

Hmes nesio co cTpysiMH, 4acTo NMPUXOAHTCA MPOU3BOAMTL “yce-
yeHHHIE® a/drefpanyeckve omepaiu. JJs HaHHOrO MHOro4-
Jena p(x), rae x=(xi, ..., X,), Mbl HA30Be€M €ro yreueHuem
8o cmeneny k (BKIIOYUTEbHO) MHOrOUJIeH, o6pa3soBaHHbli Bee-
MH 4jleHaMH p (x), CTEleHH KOTOpbIX PaBHbI HJIH Mexblle R,
dto yceueHue GyaeM o0o3HayYaThb Yepe3

p "
Hanpumep,
3x— 0y + Txy — 98 F48x7y . = 3x— 2y +Txy,
3x—2y+Txy— 983+ 43x7y = 3x—2y+ Txy — 9x°,
DakTHUECKH
) =it (0,

HO HoBoe 06O3HAauYeHHe NojaYepKHuBaeT Bojee anrebpaHyecKyio
TOUKY 3peHHus.

QuKcHpyeM KaKoe-HHOYAb 3HaueHHe R, H IIYCThb p Il ¢ —
POH3BOJHBIE MHOTOuJIeHbl. Toria, KoHeuHo,

——k  —k  —k

p-+q =p +q.
I upoH3BeAeHHH COOTBETCTBYIOWAs (opMYyJda BBITIFAHT
YyTh [OCJOXKHee:

—r  Thet

pPg =pgq »
[OCKOJbKY TIPOH3BeJeHHe UJIeHOB CTelleHeHl, MEHbIUHX uem k,
MO KeT OKa3aThCs Y/eHOM CTerneHH, Gonbliuel . M3 atux gopmya
BbITeKaeT, uTo, paboTas ,C TOYHOCTBIO® 10 (PHKCHPCBaHHOH
CTeneHH R, Mbl MOXEM YyCeKaTb H IPOHU3BOAUTL aJrebpanye-
CKHe omepanuH B JoO60M YA0OHOM /IS Hac Nopsjke, He Hapy-
uiast pe3yqabTata. Ha Jese Bcersa Jerko YBUJETb, KaKHe HJIEHB!
B IpoH3BeJeHHH OYAYT HMeTb CJHMIIKOM OOJIbUIYIO CTelleHb,
H UTHOpPHPOBaTh HX.

MRl MOKeM Takxe nodcmasasams OJUH YCedeHHbII MHOTro-
yjleH B APYroii, eCJIH TOJNBKO Mbl yCeKaeM pe3yJibTaT [0 TOoH xe
crenend. Tak, yceKas Jo cTeleHH 2, uMeeM st p (x)=1—2x+
+3x2 U g(x)=3x+x?

p(g(x) =1—2Bx+x*)+3 (3x+x2)22= | —6x-4-25x2.

Ha s3bike yceueHHi 0603HaueHHH Mbl MOXKEM KPAaTKO W BbI-
pasHTebHO 3amucaTh, KaK BeAyT cebst R-CTPYH M0 OTHOILEHHIO
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K onepanusiM B3SiITHS CYMMEI, NPOH3BelleHHS H KOMIIO3HIHH
(cTpyHHBIH aHasOr LeHOTO NpaBHJa):

F(F+g)=i* -I; i*g,
i*(fg)=i* - i*g .
i® (fog) = j*foj*g .

8 Teopema 06 obpaTHON yHKUUM

B nmocsienytolieM MbI CYIIeCTBEHHO 6yJieM HCIIOJNB30BATh 3aMeHbI
KOOpPAMHAT, U Ba)HO OTPaHHYHThL JAONYCKaeMblii THI 3aMeH,
Tak yToOb!l NpH 3aMeHaX Tepsfjachb Ba)KHas sl Hac HHGopMa-
uHs1. Mol noTpe6GyeM, 4ToGhl 3aMeHbl GBITH 00parmume; 0 eAa0Ku
(4 uToGLl OGpaTHas 3aMeHa TOXe Oblia raankof). CrelnranucTel
KCOOJMb3YIOT B TaKOH CHTyaluH TepMHH ,JH(peoMopdH3M©,
¥ TaK KaK OH IOBCEMECTHO BCTpeuaeTcs B IHTepaType, Mbl TaKKe
HHorla 6yJeM HM IOJb30BaThCs.

Bce, 4To BHIIIe TOBOPHJIOCH AJiA oToGpaxeHuf f : R*— R~,
MOXHO JIOCJIOBHO NOBTOPHTb AJIst c/ayuass oTobpaxenud f: U—
—R» rge U —- oTKpeiToe MHoOxKecTBO B R”. 310 mosBosser
pa6oTaTh JIOKaJdbHO H H30€KaTh HEKOTOPHIX TJ100aJbHBEIX BO-
npocos. Ilycts U u V — oTkphiThie MHOMKeEcCTBaA B R”, H mycThb
f: U—->R», npuuem f(U)=V. Oynkuusa [ HasbiBaeTca Oucgb-
heomopgpusmon, ecii

(a) oHa rnagka;

(b) ns Hee cylllecTByeT ofpaTHass ¢yHkuua g: V—>R7,
T. e. fog=1ly, gof=ly;

(¢c) g ryanka.

Hanpumep, ecnn U — MHOXeCTBO BeilleCTBEHHBIX YHCeJ,
GoNbIUHX HYAS, H

f(X) =x?,
TO Mbl MO2KeM TNOJOXKHTDb

gm=Vx

Puc. 3.9
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.,‘.S;/

Puc, 3,10

)

u V=U. Oanaxo ecin 3amenutb U Ha R, 10 f yxe He 6ynmer
anpdeoMopduamMoM, NOTOMY uTo o6paTHoe OTOGpa)keHHe He
MOxKeT ObiTh omnpefleieHo Ha BcéM R. Heckonbko Goslee TOHOK
caydaii U=V=R,

f(x)=x®,
3nech #moocHO HalTH obpaTHoe oToGpaxeHue:

g =%,

HO OHO He TJIaJIKOe, a HMeHHO He cymecTBYyeT Dgl,.

l'eomerphuecku JeficTBue AHddeoMopdu3Ma COCTOHT B
MJIABHOM H3rHGaHWM KOOPAMHAT, KaK MOKa3aHo Ha puc. 3.9.
Takum obpasom, ecin h : U—R” raagko s f : U->U — aug-
teomopduam, TO KOMNO3HIHst hof nosyyaeTcst 3 A HEKOTOpoi
I1aIKOH - IOKaJLHOH 3aMeHOH NepeMeHHbIX (,JIOKaJbHHH" B
JIAHHOM CJyuae O3HauaeT ,BHYTpH U*“).

Bonee o6, soxarbubili dughgpeomopgdpuss B TouKe X — 3T0
oToOpaeHHe, OrpaHHYeHHe KOTOPOTO Ha HEKOTOPOE OTKPLITOS
MHOXECTBO, cojiepKalllee x, ecTb AuhheoMop(pi3M Ha ero cbpas.
MMeeTcst mpocTolt ¥ NoMe3Hbll NPU3HAK JJsl IPOBEPKH 3TOrO
CBOHCTBA, M3BecTHbI Kak TeopemMa 06 ob6paTHOH (yHKIHUH,

TEOPEMA 3.1 (teopema o6 obpatHoit ¢dyukuuu). [Mycme
f 1 U—>Rm — 22a0k0e omobpamcerue u x € U. Ecau aunetinoe
omobpaxcerue Df |, nesviposdenro, mo f ecme arokanrotioul dug-
heomoppusm 6 x.

Takum o6pa3oM, MBI MOXXEM NMPOBEPHUTDb, SIBASETCS JH OTOG-
paxeHHe JOKaAbHBEIM AHbdeoMopdhH3MOM, BBLIYHCIHB COOTBET-
CTBYIOILYIO TPOH3BOAHYI0. 3aMeTuM, uTo Df |, HeBbIpoxIeHHO,
€C/IH U TOJBKO €C/IH AK06UaH

Jf|, = det Df |, 5% 0.

9 Teopema 0 HeABHOM (DYHKUMHK

QOuenb OJH30K K TeopeMe o6 ob6paTHOH (YHKIUHM pe3yJbTarT,
HasbiBaeMblil TeopeMoll 0 HessBHOH (YHKUMH. OH yTBepiKaaeT,
YTO ecaM ,JUIocKoe* TpHGMHKeHHe (KacaTesbHas npsiMas,
IJIOCKOCTb, THIEPIJIOCKOCTb) K MHOMXeECTBY S pelleHHI ypas-
HeHHSsl

f(x: y)=0
CYXHT FpadHKOM HEKOTOPOH ¢hyHKyuL

y=y(x),
TO JIOKAJbHO H CAMO MHOKECTBO S C/JYKHT IrpapukoM HEKOTOPOH
dYHKUMH. DTO BepHO AJsl KOHEYHBIX Pa3MepHOCTeH NepeMeH-
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HoIX X=(Xi, ..., Xn) ¥ y= (Y, ..., Yn). Hanpumep, Ha
puc. 3.10(a) npexacTaBneH cayuaH, Koria

fx, y)=x*+y*—1

H, 3HaAUHT, S ecTh OKPY¥KHoCTb. KacatenbHasa B Touke P sB-
JsieTcs rpadHKoM GYHKUMH, clelloBaTe/bHO, TpadHKOM siBJf-
ercss ¥ S B6U3H P. A UMEHHO, JIOKaNbHO S CNYXHT rpadHKoOM
GyHKUIH

y=—+V1—x.

Kacartenbhbie B Toukax (1,0) u (—1,0) He siBnsitorcs rpaduramu;

Takke H S He siBasiercsl rpaduKoM BOIH3H 5THX TOYeK.
Onnako, Jaxe eC/iH yYKa3aHHOe YCJOBHE He BbiTOJHEeHO, S

BCe-TAKH MOjCem JIOKaJdbHO ObiTh rpadukoM. Ilycte

fx, Y)=x—y°.
CootBercTByiollee MHOxecTBO S nokasaHo Ha puc. 3.10(b),
OHO CJYXHT rpadukoM QYHKUHH y= ?/x. Ho nockoabky xa-
cateJbHasl BepPTHKaJbHA, OHO He sBJsAeTCs rpadHKoM OJugige-
peryupyesod (HYHKUHH.

Mbl MOXeM YTOUHHTB: ec/H f rajka U ynoMsiHyTas Kaca-
TeJibHasl ecTb rpadHk, To H QYHKUHA y{X), O CYLeCTBOBAHHH
KOTODOH TOBOPHUT HaM TeopeMa O HesiBHOH (DYHKLHH, TaKxKe
ryanxa BOJH3H COOTBETCTBYIOLIEH TOYKH.

Ha Gosee dgopmanbHOM sI3bIKEe TeopeMa 3BYUHT TakK:

TEOPEMA 3.2 {teopema o HesiBHOH GYHKUUH)., Ecau ¢pynryun

f: R X R"—R? eaadxa u 0aa mouxu (x, y) € R XR" muo-
)

{x, | Df |z, 5 (%, y) =0}
caymcum epagurom Hexomopold QyHkyuu y=y(x), mo u

{(x, I (x, 9)=F (x, )}

RBASEMCS AOKQALHO 2paukom Hexomopol eaadkol (ynryuu

y=yx).

Dra TeopeMma CJAYKHT OCHOBaHHEM NpaBuja HeABHOTO AHG-
(epeHUHPOBaHHA H HMeeT KJoueBoe 3HaUeHHe NIPH PaccMoTpe-
HHH BCSIKOTO POJia CHCTEM CO CBA3AMH (CBf3b NpelCTaBJseTCs
ypaBuenHeM f(x, y)=0). OHa B TOUHOCTH HACTOJbKO K€ IJy-
Goka, Kak H Teopema 00 oOpaTHOM OTOOpax€HHH, KaxJasd H3
HHX fBJIsTeTCS MPOCTHIM CJIEACTBHEM APYroH; Kakyio Ipearno-
YeCTb B KayecTBe OTNIPaBHOH TOYKH — JeJ0 BKYca.

75



76

KPUTUHECKUE TOYKU
N TPAHCBEPCAJTbHOCTb

Kak B ¢u3nueckux, Tak ¥ B MaTeMaTHYECKHX NPHJIOXKEHHSX
Ba)KHOH XapaKTEPHCTHKOH TIJaJKoH BellileCTBeHHOH GYHKIHH
SIBJIsSIETCS] HaJIMYHe Yy Hee ,KDUTHUYECKHMX TO4YeK", B KOTOPBIX
npousBojHas obpamiaercsi B Hysab, HanGosee pacnpocrpanen-
Hble TUIBI KPUTHYECKHX TOYEK LJIs TIJaJKoH (PYHKIHH — 3TO
(loKanbHBEIE) MaKCHMYMBI H MHHuMYMbl. Ho WHorza Bcrpeua-
10TCs U GoJlee CIOXKHBIE BElllH — ,TOUKH Neperu6a“, a npu GoJee
MPHCTAJbLHOM H3YYEHHH 3TH TPH COPTA TOYEK MOAPa3AesioTCs
Ha LeJYIo cepHio THNOB. st IBYX H Goslee MepeMeHHBbIX 3ajaya
CYIIECTBEHHO OCJOXKHSeTcs 6Jarofapsi ILHPOKOMY JHanasoHY
HOBBIX TeOMETPHYECKHX BO3MOXHOCTEH.

OnH4H U3 1VIaBHBIX MaTeMaTHYeCKHX HCTOUHWKOB TEOPHH Ka-
TacTpo) — KJaccH(pHKaLUs THIOB KPHTHYECKHX ToueK. B naH-
HO# TJlaBe Mbl HaUHeM H3YyyeHHe 3Toi NpobJaeMbl, JOKA3aB JIeMMY
Mopca, Koropasi kJaccHpUUHPYeT ,XOpOLIHe“ KPHTHUECKHe
TOUKH JJ151 J1I0GOro YHC/Ia epeMeHHbIX, H PaCIpOCTPAHHUB 3aTeM
NOJY4EHH VIO KJIacCHHKALHIO Ha ,,IOraHbIe” KPUTHUECKHE TOUKH

JIJist cydyasi ofHOH repeMeHHOH. DTH JBa MaTeMaTHYeCKHX Mo-

fera cpasy e NMpHHECYT HaM CBOH ILIOJBI, a MO3XKe Pa30BbLIOT
CTOb MOLIHYIO KOPHEBYIO CHCTEMY, MNPOHH3BIBAIOILYIO BCIO
3eMJII0 MaTeMaTHKH, YTO NO3BOJSAT HaM JOCTHUb 3Be3Jl.

OGobmas noKasaTenbeTBo JeMMsl Mopca, MBI OJTYYHM BaxK-
HYIO AeMMY O pacijenienuu, ¢ TOMOLIBIO KOTOPOH MOXKHO TNpH
HEKOTOPHIX OGCTOSITEJILCTBAX CYIIECTBEHHO MOHHXKATh YHCJIO
nepeMeHHBIX B paccMaTpHBaeMoil 3ajave. Kak yake oTMeuanoch
B NPEJHCJOBHH, STOT Pe3yJbTaT Ka)eTcs HEKOTOPHIM YUeHbIM
Haubo/iee YIUBHTETBbHBIM BO Bcell TEOPHH; ONHAKO €TO JOKa-
3aTeNIbCTBO He TpeOyeT NpHBJeueHHs HHKAKHX TIJYOOKHX Me-
TOJIOB, Pa3BUTHIX IJIS1 TeOPHH KaTacTpod, U sBJAseTCS BCero
JIMLIB yIpaXKHeHHEeM TOBBILIEHHOH CJI0XHOCTH H3 3/1eMeHTapHO-
I'o aHaJH3a.

MopcoBckHe KPUTHYECKHE TOYKH 0GJaJaloT BaxKHBIM CBOH-
CTBOM YCTOHYHBOCTH, KOTOPO€ HHTYHTHBHO MOXKHO BbIPa3HTb
CJIOBaMH ,,cOoXpaHeHHe THMa IIpH MaJbiX BO3MYLLEHHAX®. 310
CBOHCTBO MOXKHO TPAKTOBaThb UYHCTO aire0paHyecKH, HO OHO
CTaHOBHTCS sicHee, eCJH ero nepedopMyaHpoBaTh KaK HEKOTOPOe
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reoMeTpHUYeCcKoe CBOHCTBO TPAaHCBEpPCaJbHOCTH. 3TO IPHBOAUT
Hac K oblemMy oOOCYKIEHHIO NOHSITHSI TPaHCBEPCANbHOCTH, KO-
TOPOe BBOAMTCSI CHauasa JJisl BEKTOPHBIX NPOCTPAHCTB, a 3aTeM
NePEeHOCHTCSl Ha TIJajkHe MHorooOpasus. Mbl 3akaHuHBaem
rJaBy HCCJACNOBAHHEM TMOHATHS KOPa3MePHOCTH, BBeLEHHOIO
B IJ. 2, H €ro cBsA3H C TPaHCBEPCAJbHOCTHIO,

Tun kJaccHPHKAIUU KPHUTHUECKHX TOUEK, KOTOPBIH Mbl MO-
AYYUM B 3TOH r/1aBe, MOTUBHpPYeT ¥ ocBellaeT OG/bIIYIO YacThb
Hallero JajbHedlero nyTd. B yactHocTH, Aenaercsi NOHSTHOM
BaXHOCTb pa3sJjoxeHHR Tefisopa. Bcsa BblUHC/AHTENbHAs] CTO-
POHa TEOPHH KaTacTpod, KOTOPoi Mbl OyieM 3aHUMaThCs B IJ1. 8,
HMeeT Le/bl0 HayYUThCsl YNPaBJASITLCSl ¢ 3TUMHU 3ajauamu. Psan
NPUMEPOB HacTOsileH IJ1aBbl [10Ka3blBaeT, YTO NOBelelHe pas-
Aoxenuit Teillyiopa craHoBUTCSL ropasfo 6ojee CJAOXKHBIM 175
(yHKIMH AByX MM OoJee TepeMeHHbIX — COOCTBEHHO, Hac
KAYT ouiapalliBalolllie HEOXKHAAHHOCTH,— U Je/0 OTHIOAb He
CBOJMTCSI K NMPOcTOoMY 060OlleHHI0 oAHOMepHOro cJaydasi. Ilo-
HHMaHUe 3THX npobseMm TpebyeT GoJsbliero, ueM 3HaHHe ajre-
GpaHueckoro gopManausma psiloB Tefislopa, H OHO B JOCTaTod-
HOH CTerneHH He CBSI3aHO ¢ BONPOCAMH CXOAHMMOCTH; KJ/IOY K
MOHUMaHHIO JIEKHT B [eOMeTPHYECKOHR MOCTAHOBKE 3ajadH, C
UCIOJb30BaHHEM COO0paXKeHHH TpaHCBEpCaJbHOCTH.

1 Kputnueckue Touxn

Iyers fi R* - R — raagkas ¢yHkuua. Touka u €R” na-
3LIBAETCSl Kpumueckoti moukot pjs f, ecan

Djl,=0,

H/IH, B KOOpJMHaTax,
of . _of | __
W “— . .-—5}: u——O.

3HaueHHe f(4) B KDHTHUYECKOH TOUKE U Ha3blBaeTCsl Kpumude-
ckum 3uaveruem f.

MaKCHMYM

TOYKA
neperuba

MHUHHMYM

Puc, 4.1
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Muc. 1.2

KpuTrueckHe TOUKH — 3TO Te TOYKH, The rpad¢uk QyHKUHH
HMeeT TOPH3OHTANbLHYIO KacaTeqbHyw. B cayuae n=] stn
TOUKH TPaAHLHOHHBIM O6pa3oM KJACCHPHUHUPYIOTCS Kak (Jo-
KaJbHLIE) MAKCUMYMbL, MUHUMYMbL 1 mouky nepeauba (puc. 4.1).
Bekope ctanet sicHO, 4To TpebyeTtcs Goslee TOHKAsl KBANH(HKA-
nusi. Aos n=2, 1. e. 11s pyukuut f: R? — R, BosmoxkHOCTEH
MHoro Gosbule. Hanbosee pacnpocTpaHeHHBIMH caYYasMH sB-
JSIOTCS (JIOKANBHBIE) MaKcumymol, munumymer u cedaa. Coot-
BeTCTBYIOUMMH [pHMepaMH cly»aT

f(x, Y)=—x*—y?, x*+y*, *—y?

B Hauase KoopauHaT (puc. 4.2). OnHAKO HMeeTCs lleJloe MHO-
KEeCTBO APYTHX, OoJiee CJOXHEIX THIIOB, TPH H3 KOTOPHIX,
oTBeuawlive ¢GyHKIHIM .

Flx, y)=x3—3xy?, x?, x%?

¥ U3BeCTHBIC KaK 00e3baHbe Ce0a0, 91eaod ' W CKpeujeHHsie se-
s200a, fMoKasaHwl Ha puc. 4.3.

M3 uux obesbsinbe celU1o eille He CJHILKOM [JIOXO B TOM
CMBICJIE, YTO KPHTHYeCKas TOYKa B Hayaje H30JMPOBAHA: B
HeNocpeACTBEHHOA GJH30CTH OT Hee HeT LAPYTHX KPHTHUECKNX
ToueK. Il1s ABYX ApYrHX HauaJo YXe He sIBJSETCS H30J1po-
BaHHOH KPHTHUeCKOW TOYKOH: OHO JIEXKHT COOTBETCTBEHHO Ha
OZHO#t HJIH Ha ABYX NPSMBIX, COCTOAILUMX H3 KPHTHYECKHX TCUCK.
HeusonnpoBanHbe KPHTHYECKHE TOYKH OCOGCHHO HEMpPHATHRI,
HO B HEKOTOPOM AOCTATOYHO CHJIBHOM CMBICJi€ CJIOBA OHH He-
THIHYHBL (cM. 1. 8, § 7), ¥ BO MHOTHX BOIPOCAX HX MOMHO
HTHOPHPOBATb.

Hau6onee BaxkHo pasnnueHHe KPHTHYECKHX TOUEK MO CJe-
AyiolleMy NpHHIHIY, CKaxXeM , YTO [ HMEET B U HEBbIPONCHHYIO
KpHTHUecKYIo TouKy, ecin Dfl, =0 n D?f|, npescrasaser coboit
HEBBIPOXKIEHHYIO KBaApaTHuHYO (opMy (T. €. ee paHT paBeH
UHCaYy MepeMeHHBIX 7). DKBHBaJIEHTHHE (GOPMYJIHPOBKH: Ma-

%

mpuya [ecce
Hi l": [dx,- Ox; ,,]

HEBBEIPOXKIACHHA; €€ ONpeac/IHTeNDb
det (HF|,) == 0.

Hanpumep, s f(x, y)=x*+y* matpuua Iecce
20
Hf Io = [0 2]

1 B opurunase pig-trough (koprito aas ceumedt).— Mpum. ped,




— HeBHIpOXIeHHas (¢ onpenenutenem 4), a aas [f(x, y)=
=x3—3xy*

00
Hfl(l:l:O 0]

— sBHBIM o0pa3oM BhIpoxAeHHas marpuua!l B meficTBuTenbHO-
CTH Bce ¢$YHKUMH Ha puc. 4.2 UMeIOT HeBHIPOXKAEHHLIE KDHTH-
YeCcKHe TOUKH, a Ha pHUC. 4.3 — 6biposcderntbie KPUTHUECKHE TOY-
k4. M3 nanbHeHIINX HAILIUX pe3yJbTaToB GYJET CJAEN0BATb, YTO
HEBbIPOXKJeHHble KPUTHYECKHe TOYKH H30JHDOBaHbl, XOTs 00-
paTHoe H He 00s13aTeJbHO BepHO (KaK MOKa3blBaeT NpHMeEp
obe3bsiHbEro cefiia).

2 Nlemma Mopca

Tenepb Mbl MoKaxeM, YTO BOJH3H HEBHIPOKAEHHOH KpPHTHYE-
CKOH TOUKH (DYHKUHIO [ MOMKHO 3aMeHOH TepPeMEHHBIX NPUBECTH
K HekoTopoli npocToif craHAapTHoH ¢opme. Tak Kak 3TOT Ma-
TepHaJ/ HeJb3sl CYHTATh YACTbO CTAHAAPTHOrO MaTeMaTHYeCKOro
faraxka Yy4YeHbIX, Mbl OPHBOAHM HOAPOOHOE AOKAa3aTeNbCTBO.

JEMMA 4.1. Ilycmes f: R*— R — eaadrasn 6 xaxot-au6o ok-
pecmuocmu Hawara Gyuryus u f(0)=0. Toeda 6 Hexomopol
(803MOHCHO, MeHbueld) OKpecmuocmu Hawaara Hadoymes yHk-
yuu g;: R* - R, marxue umo

n

f= 2 X8

i=1

npuyem éce g; eAa0KU U g; (0)=—§Tf_ .
ilo
JlokA3ATEABCTBO. MmeeM
1
d
F s Xg9 - v ey x"):S'& (f(xy, txy, .., tx,))dt
]
1 n af
N
§k2=‘l 0%‘ (tx1, Exa, ..., X ) T
Cre10BaTeIbHO, MOXKHO B3ATb
1
_ (o
g" (Xl, xz, ‘e ey x")—S‘W ([Xh e ... tx")dt.

0
YacTtHoe audipepeHUHpPOBaHHe MO X; MOKasblBaeT, 4To g; (0)=
of

#0):,' 0.

§ 2 JIJEMMA MOPCA 79

o0e3banne cemo

2

*&106

CKpellleHHbIE Xxenoha
Puc. 4.3
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Tenepb Mbl MOxeM JoKasaTb sgemay Mopca (nns Hac 370
Teopemal).

TEOPEMA 4.2 (nemma Mopca). [Tycme u — wHesuipoxcOerHas
Kpumuyeckas mouka esadwoll ¢ynxkyuu f: R*— R. B neko-
mopoti okpecmrocmu U mouku u MONCHO YyKa3ame maxkyro Ao-

KaAbHYrO cucmemy KOOPOUHAM Yy, . . ., Yn, YOOBACMBOPAIOULLIO
yeaosuro y; (w)=0 Oan écex i, 4mo

f=f@)—yi—... —yi+yi+...+y
Ha U.

JIOKA3ATENBLCTBO. MBI MOXKEM MePeHeCTH HAuallo B & H, 3HAUHMT,
MOXeM cuHTaThb, uto u=0. JomycTum takxe, uto f(u)=f(0)=0.
Torpa no Jjemme 4.1

n
f(x)=i21 x;8; (%)
B HEKOTOPOH OKpecTHOCTH HyJas. Tak KakK HYJIb — KpHTHUe-

CKasl TO4uKa, Mbl HMEeM

=0.

0

0
g0 =5

CnenoBaTenbHo, CHOBa Mo Jemme 4.1, CYLIECTBYIOT IJafikHe
¢ynxuuu hyj, Takue 4TO

g}' (x): izl xih’if (X),
H MOXKHO HallHCaThb
fx)= ,- ,2_1 xpxh; (%) 4.1

Ecau 3amenuts h;; Ha

h; =, (h;;+hyp),
TO ypaBHenHe (4.1) ocTaHeTcsi BepHBIM H B TO e Bpemsi Oyjer
BHIOJHEHO YCJIoBHe Hy;=hy;.
JIByKpaTHoe uYacTHoe AH(pGepeHLHPOBaHHE COOTHOLIEHHS
(4.1) naer
o
0x; 0x;

= 2h;; (0).

0

3HauuT, MaTpHula

. 18
[ (O)]= [707,&%

J




— Heoco0asi, NMOCKOMbKY 0 — HeBBIpOXKAEHHAs KpHUTHYeCKas
TOYKa.

Paccyxnas no HHIYKUHH, MPENNONOXKHM, YTO B HEKOTOPOH
OKpecTHocTH U; Hauaja CYIIECTBYIOT JIOKa/JbHbie KOOPAHHATHI
Uy, . . ., Ul,, TAKHE UTO

f=xutt.. . =ul  +DupHy Uy, .., u),

rie H;;=H;;. Ilpou3pens, ecnu Haxo, JUHEHHYIO 3aMeHY IO-
cneaHuX n—r—+1 KoopAMHAT (KaK NPH NPUBEJEHHH KBaJpaTHOH
¢OpMBI K HATOHAJBLHOMY BHAY B § D IJ1. 2), Mbl MOXeM CUHTATh,
uyro f,,{0)=40. [Nonoxum

g(un ) un):l/lHrr(uv sy u,,)l.

[To Teopeme 06 o6paTHOH ¢yHKUMH g — TJalkas (GyHKLHs B
HEKOTOPOH OKpeCcTHOCTH Hauasa U,, comepxkamweiics B Uy
(MmeHHO 31€Ch JIEXKUT OCHOBHASI NPHYHHA TOTO, YTC AeMma Mop-
ca cnpaBelJHuBa, BooOlle TOBOPS, JIHIIb A0KaA6HO.) [lepeiinem

K KOOpIHMHATaM Ui, ..., U, C MOMOUIbIO 3aMEHbI
v,=u; (is%r),
wiip (g, ooy uy)
UV, =g(Uyy «o., U \(u —+ Z ir %
r g( 1 ’ frat rr(“lv .“’u”)l ]

KoTopasi (CHOBa Mo TeopeMe 06 06paTHON GYHKUHH) sIBISETCS
JoKaNbHBIM Audpeomoppuamom. Tenepb

f@, -y V)=H0vl ... 02+
+ E VU H (v, L, )

i, j=r+l

3Ta (popMyJia B TOYHOCTH NMoJo6HA HopMYyJie € U4;, TONBKO BMECTO
r—1 ctout r. TeM caMmplM, MO HHAYKUHH, TeopeMa LOKa3aHa.

7o JoKa3aTesbCTBO CJleflyeT CPaBHHTb C NPOLEAYpPoOil NpH-
BelleHHs] KBaJpaTHYHOH (POPMbI K JAHArcHaJbHOMY BHAY.
HasoBem ¢yHKUHIO BHJA

2
A+ ...t =2 — . —2,

nmopcosckum I-cedaom. Vtak, no Jemme Mopca KaxkIylO HeBb-
POXKAEHHYIO KDHTHYECKYIO TOUKY MOXKHO IH¢GeoMopdH3aMoM
nepeBecTH B MOpcoBcKoe [-cellsio A HekoToporo [. Ecou [=n,
TO Mbl HMeeM MakcuMyM, ecad [=0,— muuumyM. [HekoToprie
aBTOPBl NPENOUYHTAIOT NHCcaTb n—I BMecTo [, HO AJs1 OPHJIO-
KeHHH ynoGHee cuuTaTh, uTO 0-cejio BCerfa, He3aBHCHMO OT
1, 03HaYaeT MHHHMYM, TaK Kak 4acTto Mei 0yjeM oTGpackBarth
6OILIWIYIO 4acThb MNepeMEeHHBIX, Ja)ke He HHTepecysch Teh,

§ 2 NEMMA MOPCA
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CKOJIBKO HX. B DpHJokeHHAX ropasfo uaile HHTEPECYOTCS
MHHUMYMaMH H l-celylaMH TIIpH MaJblX [, ueM MaKCHMYyMaMH
(n-ceanamu).]

[TocKo/NIBKY MOPCOBCKOE CE€IJI0, KOHEYHO, SIBJAETCA H30-
JHPOBAHHOH KPHTHYECKOH TOYKOH, a IJlaJKHe 3aMeHbl COXpa-
HSAIOT CBOHCTBO KPHTHUECKOH TOUKH OBITb H30JHDPOBAHHOH,
BCe HEBBIPOXKIEHHBIE KPHTHYECKHE TOYKH —— H30JHPOBaHHEIE.

Uucno [ npeicrasisieT co6ofi HHBapHAHT TONOJIOr HYECKOTO
THIA KPUTHYECKOH TOUKH B CJelyIOIleM cMEICJe: IJaikue ob-
paTHMble 3aMeHbl KOOPAHMHAT He H3MeHsIoT .

B HeMmopcoscKoH KpHTHuecKoH Touke marpuna [ecce B
poxaaercsi. Mbi MOXKeM H3MEPHTb, HACKOAbKO OHA BbIPOXKJa-
ercs, MOJICUUTAB ee KopaHr (§ 5, ra. 2), Tak cKasaTb, YHCJIO He-
3aBHCHMBIX HampaBJjieHHH, [0 KOTOPLIM OHa BbIpOxJaeTcsi. ITo
YHCJO He MeHsIeTCsi NPH TJaJKuX o6paTHMBEIX 3amMeHaX Koop-
JMHAT, H OHO BLIHZeT Ha mepBblfl M1aH B ra1. 7 U 8.

3 MyHKUMK OAHOW NepeMeHHOM

HayunMm Tenepb KpHTHUECKHE BLIPOMKJAEHHbLIE TOUKH B HpoOCTeii-
wem caydae ¢yuknuu f: R — R. onyctuB (4erc Bcerzna
MOMKHO JOGHTBCS CIBHIOM KOODAHHAT), U4TO f HMEET KpHTHYe-
CKYI0 TouKy B Hadaste  f(0)=0, MBI, clelloBaTeslbHO, HMeeM
trakke Dfly=0. KpuTnueckas Touka HeBHIpOXK/IEHHA, €CJAH H
toabko ecan D*f|==0. 1o semme Mopca B 3ToM caydae cytlect-
ByeT IJafKasg JIOKajbHasi 3aMeHa KOOPAMHAT, B pe3yJbTaTe
KOTOpoH f mpHHHMaeT BHI

+x2,

rie 3HaK coBlaaaer co 3Hakom D2fl,.

Ecan ke D3fly=0, MBI MOxeM HONY4IHTbL 6oJiee TOHKYIO
KjaaccubuKalllo, B3sAB cAeAYIOmHe ulenbl psiga Tefijiopa miaa
f. Onuako Takas KaaccHbUKanus He CKaxeT HHIero o GyHKIHAX
THIA e~1/*’, 171 KOTOPHIX BCe KOS(PHLHEHTH! psifa Telnopa
PaBHBI HYJIIO.

JEMMA 4.3. Hycme q: R - R — eaadkan ¢ynkyua, oas
Kormopot

q(0)=D(I|0= ...=DFkg|,=0.

Toz0a 8 Hexkomopoll OKPeCMHOCMU HYAS Cywyecmsyem 2aQ0Kas
Gynkyua 1, maxas umo

g (x)=xF*11 (x)
u 1(0)=0.



§ 3 GYHKUMU OAHOW NEPEMEHHOH

JloxrasATEAbCTBO. [IpoBenem muaykumio no k. Ilpu £=0 npu-
menuma Jaemma 4.1. Tlpu £+=0, ucnoab3ys Ty xe Jemmy, Ha-
XOIHM, 4TO

g(x)y=xl, (x),

rie l,— raankas ¢yukuus. IuddepeHunpys 3To cOOTHOIIe-
HHEe m pas, noaydyaem

Dmq|,=xD™l, |, +mD™=!,]|,.
[Tonaras x=0, sakJjwo4aeM, 4yTo
L©Oy=Dl|,=...=Dk1|,=0.
31aYHT, MO MPelNoAOKEHHIO HHIYKIHH
Ly (x)=x* (x),
rie [ — raajkas 8 OKPeCTHOCTH Hauana ¢ynkuus ¢ [(0)=0,
CaenoBaTeNbHO,
g (x)=xE+1 (x),
Kak H YTBEP»KJIajioch.

Cnenys namefi r/iaBHOH JHHHH TNpHBeleHHs QYHKUHMI K
NnpocTOMy BHAY, yAOGHOMY I/s1 KJacCH(PHUKALHH, ¢ NOMOLULIO
KOODAHHATHBIX 3aMeH, JOKaXeM Tenepb Takoil pe3yJ/bTar.

TEOPEMA 4.4. llyems f: R—R — esalxan pynsyus, 0an
Kemopot

f(Q)=Dfly=...=D*"[|; =0,
HO

D*fl, 0.

Toe0a ¢ nomouipro HeKOmopol 2aalKol A0KAAbHOL samMeHbl KOOp-
Curam ee MOXCHO npugecmu K 6udy

x* npu Hewemnom k,
-+ x* npu uemnom k,

npudem 8 nocreduem caydae 3Hax cosnadaem co anaxkom Df |,

JIOKA3SATENLCTBO. Breieasis k-cTpylo, 3alHllieM
1
F ()= DAy x8 4 (),

rae ¢yHKUHA g UMeeT nopsinok k1. (Kak yxke paHbire oTMe-
Yaloch, 3TO BEpHO HE3aBHCHMO OT BOMNPOCOB CXOAMMOCTH.)
Honoxum

1 )
FD"fb:a#O.

83
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[lo nemme 4.3 MMeeM B HEKOTOPOH OKPECTHOCTH HYJiA
q (x)=x*(x),

rae [ — raaakas ¢yHKius. 3HauuT,
f()=x*(@+1(x) = xk|atl(x)],

MpHYEM 3HAK COBNAjJaeT CO 3HAKOM G, eC/IH X JIeXKUT B OKpecT-
HocTH Hauaaa U JoctaTouno maJgoil, utobsl I (x)i<<lal. dasa x
U3 Tako# okpecTHocTd U, oueBuaHo, la+I(x)j#=0. Ilonoxum

g(x)=x|oa+L(x)['7%,

rle B KayeCcTBe KOPHS k-f cTereHH OepeTcss eAHHCTBEHHbLH
NOJIOKHTeJNbHBIA KopeHb. Mbi yTBepxiaem, uto g: R - R
aBJfeTca JOKaJbHbIM AHpdeomoppusmom. Hrtobbl ybeauTbes
B 3TOM, o0paTuMcsi K TeopeMe o6 of6paTHoH ¢ynkiuH. fcHo,
yTo (pyHKUMA g raaiakas. anee,

Dgl,= [x-%loc—f—l(x)l“/")“Dl ]x—f—la—l(x)]]b =
—la|-0,

cJeoBaTelbHO, Mo TeopeMe 06 o6paTHOH GYHKLHH g €CTb JIo-
KaabHbft audxbeomopdusm. Ho

J (%)==£g®F,

TaK YTO 3aMeHa KOopJMHAT y=g (x) nepeBoinT f B Ly*. Urak,
I71aJKOfl JIOKaJbHOH 3aMeHOI KOOpJAUHAT Mbl IIPHBEH [ K BHIY
4+x*. B cayuae Korjia £ HeueTHO, Mbl MOXKEM 3aMEHHTb X Ha —X
H cenaTb 3HAK NOJOMHTEbHBIM.

Teopemul 4.2 U 4.4 OpUBOAAT K BaXKHOMY NOHATHIO. [IBe
raaakue GyHkuud f, g : R - R Ha3plBaloTCA 9K6UBANCHMHbIMU
BOJIU3H HYJAS, €C/H CYIeCTBYIOT TaKoH JoKaabHeld Augxpeo-
moppusam y: R* - R B OKpecTHOCTH HYJ/ISl M TaKas MOCTOSAH-
Has y, 4To BOJH3H HYJA

gx)=fy N+

(3nech y — raaakas obpatuMas JoKaJbHas 3aMeHa KOOPAW-
nat, a cosuearoujull 4aeH y HYXeH, uToObl BEDHYTb 3Ha4eHUe
¢yHKUMH B 0 K MCXOJHOMY H YYecTb TeM CaMbiM pas/iyibie
MPOM3BOJAHBILNECS HaMH MepeHochl Hayasla.) B 3Toli TepMmHHO-
JIOTHH TeopeMma 4.2 yTBepaJaeT, UTO BCsikasi PYyHKLUMSA BOJH3H
HEBBLIPOXKJIEHHOH KPUTHYECKOH TOUKH SKBHBaJIeHTHa OIHOH H3
CTaHZapTHBIX MOPCOBCKHX ¢opM, a Teopema 4.4 — uTo (yHK-
uua f: R - R c¢ HenyneBwiM psiaoMm Teilsiopa sxkBHBa/leHTHa
(YHKUMH #=x* ¢ COOTBETCTBYIOIHUM £. (B maTemaTHueckol Jiu-
TepaType ONHCAHHOE HaMH OTHOLLEHHEe Ha3biBaeTcs npacod 9K-
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BUBANCHMHOCMBIO, YTOOBI OTJIHYHTB €0 OT HEKOTOPBIX APYTHX
SKBHBAJIEHTHOCTeH, C KOTOPBIMH TaKXe HNPHXOAHTCS HMEThb
Zejo. Onnako B JaHHOH KHHMIe HHKaKHe H3 3THX APYTHX OT-
HOWIEHHH HaM He NMOHamoOATCS, H MBI OTOPOCHM IpHJaratefib-
HOe ,NpaBeblil“.)

JloBO/IBHO JIETKO TNPOBEPHTDb, YTO —+x* u +4-x! 3KBHBaJEHT-
HbI, €CJIH H TOMbKO ecJd R=[ U (@] YeTHbIX &, ) 3HAaKH cOB-
NajaoT; JAeHcTBHTe/IbHO, TOoro ¢akra, oOpallaeTcs COOTBET-
cTBYIOUasl MpoH3BoAHasi B 0 MM HeT, IJaJkHe 3aMeHbl H3Me-
HHTb He MOTYT. DTO 03HauyaeT, YTO, HANpUMEP, TOUKH lleperuda
A5 X* M X® B HayaJjle OTHOCATCS K pa3/iHUHbIM THIIaM KpUTHYe-
CKHX TOYEK B Hawe# KaacCUPUKALUH, XOTS Ha NepBLIil B3rAsa
OHH BBITVIAAAT MPHMEPHO OJHHAKOBO. TOUHO TaK XK€ MHHHMYM
THNA X* OT/IMYaeTCs OT MHHHMYMa THNA x*, DTH pas/iHuHA OKa-
XKYTCSl BAXKHBIMH, KOI'JIa MBI lepeiiieM K pacCMOTPEHHIO CBOHCTB
YCTOHYHBOCTH JaJjiee B 3TOH IJlaBe.

To, 4To MBI JI0Ka3a/iH, MOXXHO HHTYHTHBHO BbIPasuTb, CKa-
3aB, UTO nogedeHue Kpumuueckoll mouxku (yHkyuu o0Hol nepe-
MeHHOU onpedeasiemcs ee nepsold Herysesoli cmpyeti (ecau ma-
Ko6as cywecmeyem). J10cTaTOYHO LIMPOKO PacnpoCTpaHeH Mud,
4TO aHaJIOrHUHbIM 06Pa3oM OOCTOMT hesio H ANs QYHKUHH ABYX
1 GoJlee NepeMEHHBIX; B AeHCTBHTEJNLHOCTH 3TO HE TaK, H OfHA
H3 YUCTO MaTeMaTHYeCKHX Uesed TeopHH KaTacTpod 3ak/ioya-
€TCsl B TOM, YTOObl BBISICHHTB, UTO K€ NMPOHCXOJAUT HA CaMOM
zeqe. Tlpumepnl cienymoliero naparpaga npusBalbl NOAOPBaTh
3TOT MH(, a BbINOJHeHHe OoJee NeNHKaTHOH 3afaiud — 3ame-
HUTb ero KaKHM-JHOO NpaBHJbHBIM YTBEPKIECHHEM — Mbl OT-
JOXHM JIo TJ. 8.

JlokanbHell XapakTep TeopeMbl 4 cyuiecTBeH. PYHKLUMSA

flx)=x—xs

MMeeT B HadaJle JIOKaJIbHbI MHHHMYM THIA X2, HO Ha HEKOTOPOM
PaccTOSIHUH OT HErO OHA HMeeT ellie JiBa JOKaJbHBIX MaAKCUMYMa
(puc. 4.4) 1 nosTOMY He MOXKeT ObITh 2400416HO0 SKBUBAJIEHTHA X2,
Ha Bompoc 0 ToM, ,HAacKo/JbKO JIOKa/lbHa 3Ta JIOKaJbHOCTbL,
MOXHO B pacCMaTpHBAeMOM cJy4yae OTBETHTb, NPOaHaTH3HpO-
BaB J0Ka3aTeJIbCTBO TeopeMsl 4.4. OTBeT Takoli: , ToKa He BCTpe-
THTCA KaKas-HUOYAb Apyras KpHTHuecKas Touka“, Jlna ¢yHk-
IHMH HeCKOJIbKHX IlepeMEeHHHEX COOTBETCTBYIOUlee HpeANUCaHHe
OKasblBaeTcsl OoJiee CJIOXKHBIM.

4 MDYHKLMHU HECKONBbKUX NEPEMEHHbIX

B npeaniaymem naparpade 6bl10 IOKa3aHo, YTO GYHKLMIO Of-
HOJl MepeMeHHOH MOYKHO 3aMEHHUTb MEepPBbIM HEHYJEBbIM 4JI€HOM
ee paja Tefisiopa B KpUTHYECKOH TOUKE, HE BHECS KAUECTBEHHBIX

Phc. 1.4
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2)

Puc. 4.5

()

H3MEHEeHHH B ee NOBeJeHHe. 3TO CYACTVIHBOE OGCTOSITENLCTBO
yKe He HMeeT MecTa A (QYHKUMH HeCKOJbKHX IepeMEeHHLIX,
ITycte, ckaxeM,

fx, y)=xry+yroon.

[NepBast HeHyJsieBasi cTpys ecTb x%y. Ho oHa He 5kBHBaseHTHa f
OTHOCHTEJIBHO JIOKaJIbHbIX 3aMeH KOOPAMHAT, TaK KaK pelueHHs
ypaBHeHHUs

xy=0

o6pasytor napy npaMeix x=0 H y=0 (puc. 4.5(a)), B To Bpems
KaK pelleHHs] ypaBHEHHS

f(x9 y)=0,
T. €. YpaBHEHHsA
y (xz_|_yzooo)=0’
o6pa3yloT OZHY NpsAMYIO
y=0
(puc. 4.5(b)). OueBHIHO, 3TH 1Ba MHOXeCTBa pelleHHH Ka-
YecTBEHHO Ppa3J/iHYHBI.

Anasoruuno, f He 3KBHBaJieHTHA HHKAaKoOH CBoel crpye
j*¥ nns k<C{2000. McTouHHK TPYAHOCTH 3Jechb JIEXKHT BOBcE He
B 60Jb110#H a6COMIOTHOH BeJIHUHHE WileHa Yy — ¢ TeM xce yche-
XOM MBI MOIVIH Obl B3SiThb H (PYHKIIHIO

x2y+ 10—1000000!/2001'

TeMm He MeHee BepeH TaKof GakT (XOTSI MBI U He MOXeM o0bsic-
HUTb ero Jo . 8): ecyii Mbl BO3bMeM JI00YI0 (PYHKLHIO BHAA

g (x, y)=x2y+y2°1+4 (byuruus 2002),

1o f 1 g 6yOym SKBHUBaJNeHTHH. TakuM 06pasoM, ANd HEKOTO-
poiX QYHKIHH HEKOmMOopuie CTPYH, XOTA H He 0o0si3aTesIbHO nep-
Bble HEHYJieBble, MOTYT JOCTaBJAThL Xopollee KadecTBeHHOe
npubinxenne. Kak HMEHHO OOCTOHT MEJO, 3aBHCHT TOJBLKO
OT BHJa caMoil CTPYH H, B 4acCTHOCTH, HE 3aBHCHT OT TOrO, fB-
JseTcss JIH paccMaTpHBaemas (QYHKLHMA aHaJMTHUeckKod. Cka-
KeM, QYHKIHS

xzy _|_ yzool _|_ e- 1/x? ,e—l/y’.

afekBaTHbIM oOpasoM npexcTaBiasercsa csoefi 2001-cTpyeit
Q18 LOCTAaTOYHO MajblX X H Y.

CyTb mesia 3iecb He MPOECTO B TOM, YTO X°Yy ~— , BHIPOKJIEH-
HBIA“ MHOTOWJIeH; 4To6h TOKYEPKHYTh BCIO TOHKOCTb pobJlembl,
MBI pHBeJieM cefiyac OAMH NPHUMEP, KOTOPBIH MOMHOCTBIO GyeT



§ 5 NEMMA PACLLUENNEHUA

paccmorpen B § 13 ra. 8. dyHkuus
f(x y)=%ﬁcz+x’—xy2

obJlafiaeT CaeYIOHM JIOOOMBITHEIM CBoficTBoM. Ecin g(x, y)
ecTb QYHKIHSA, 3-CTPYSl KOTOPOH paBHAa f, TO g MOXET H He
6bITh 5KBHBasNeHTHa f. Ho ecin 4-cTpys g paBHa [, To g 6ydem
sKBHBaJeHTHa f. TakuM o6pa3oM, Mbl JOJIKHBI NOCMOTDPETH Ha
uJieHbl NOpsiiKa 4 B pasnaoxkeHUU Telsopa 151 g, Xoms ux Hem, y
{, a BOT uJieHbl IOPSALKA S H BhIIIE Y2KE HE HMEIOT 3HAUeHHs.

Ecnu QYHKUHS HMeeT CTPYIO, alleKBaTHO OMHCHIBAIILYIO
ee KaueCTBEHHOe NOBeJieHHe B YKA3aHHOM BHIlEe CMBIC/IE, TO
(QYHKUHS Ha3bIBAETCA KOHedHO-onpedeseHHol, a cTpys — do-
cmamounot. Ecau npeHe6peub HOCSIIMM UHCTO TeXHUUYECKHH
XapaKTep pasjHYHeM MeK1Y QYHKUHSIMH H CTPYSIMH, TO H CTPYIO
MOX{l0 Ha3BaTb KOHeuHo-ompelesneHHoH. B ra. 8 mbl Bo Beex
nonpo6HOCTAX TOKaxeM, Kak MPoBepsTh PYHKUHUH HAa KOHEUHYIO
omnpene/eHHOCTb, a TaKXKe ONHILEM MHOTO JAPYTHX Bax<HHIX BBl-
YHC/HTENbHBIX METOJOB. 3TH METOJB! H3BJEUEHBI H3 Pa3JHYHBIX
MaTeMaTHUeCKHX paboT, B OCHOBHOM H3 pabor Mesepa {10—15],
KOTOPBIE COJlEPKAT NOJHbIE JoKa3aTelbcTBa. B ria. 8 bl o6bsic-
HsieM C HCNOJb30BAHHEM MeHee YUeHOH MaTeMaTHKH, IoueMy
Pe3yJbTaThl OKa3bIBAIOTCS] TAKUMH, KaKHe OHH eCTb, HO He JOKa-
3bIBaeM HX.

5 Jlemma pacusennerus

Onune OoJee NpociaB/ieHHbI BaDHAHT JeMMbl Mopca No3BOJIHT
HaM HaBeCTH olpele/eHHBIH MOPSJOK B BBIPOMKAEHHOH KPHTH-
4eCKOH TOuKe, ,paclieluB” ¢GyHKUHIO HAa ,MOPCOBCKHH KYCOK",
3aBHCSILUMA OT YacTH IepeMeHHBIX, H ,BbIPOXKAEHHHI KYCOK®,
3aBUCSIIMHA OT OCTaNbHBIX MEPEMEHHBIX, YHCJIO KOTOPBIX PABHO
KOpPaHry 0co0eHHOCTH. JTO BaKHbI M MOIIHBIH pe3yJ/bTar,
MMeIOIUA OCHOBHOE 3HaueHHe JJs1 Bcell TeOpHH, HO MPH BCeM
TOM OH MOT Obl OSIBUTBCS HA CBET ropaslio paHbllie — ero Jo-
Ka3aTeJIbCTBO BIIOJIHE 3JIeMEHTAapHO U He TpebyeT NpPUBJEUEHHS
HHKaKHX TJ1yOOKHX TeopeM TeopHH KartacTpod. Ero Tounas
¢dopMynHpOBKa TaKoBa:

TEOPEMA 4.5. Hycme [: R* - R — eaadkas ¢yurkyus c
Dfly=0, mampuya I'ecce komopoii 6 0 umeem pare r (u Kopane
n—r). Toeda [ sxeusarenmna 66ausu Hawara Gynkyuu euda

Eat b T (g -e ey Xa),
20e

f: Ri=r >R
— Hekomopas 2Aa0Kas GyHKyua.
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JIOKABATEALCTBO. JIuHefiHOf 3aMeHON KOOPAMHAT U==u (X) MHl
MOXeM npeoGpasopaTh maTpuuny [ecce f B 0 k BUAY

i T

Teopema o HesiBHOH (YHKIHH M03BOJSET HaM MNpPeICTaBHThL
(JIOKaNBHO) MHOMECTBO

I
{u m— S —aur— }
Kak rpagHk
{(gl (ur+1’ LR un)’ e gr(ur+1'9 _‘k” ”n)v

HEKOTOpOH TVIalKoH (GYHKIHH
g: Ra-r — Rr.
MepeBezeM 3TOT rpadHK B KOOPAMHATHYIO TJIOCKOCTb U, 41 . . .
U, TPH TIOMOLIH OToOpaKeHHs @, 3alaBaeMoro opmyJoi
Q(Uyy voey Up)==(Uy—G1{lyr1s «vny Up)s «vey
U, — G (Uprgs oeny W)y Uppry «ovy 1),
KOTOpoe, KaK JIeTKO BHJEThb, SIBASETCS JIOKaJbHBIM TOMEOMOp-

¢dusMoM. (DTOT Iuar sBJsETCs PelaloLUM U1t BCETO paccyxe-
HHSl KaK HayaJo HaBelleHHs MNopsiflka — MpHIaHHe NPaBU/Ib-

HOTO BHJ1a 3aBHCHMOCTH OT MEPEMEHHBIX U iy, . . ., Up.)
[onoxum F=fop. JlokanbHo Kaxaas GyHKLHA
. r
(Mrgr - up) R — IR’
(Uyy oooy U F gy vooy Upy Uppqy «ovy Uy)

HMeeT MOPCOBCKYIO KPUTHUECKYIO TOUKY B HauaJse (mpocTpaH-
crBa R’), X0oTs u He ofsi3aTesbHO NPHHUMaeT TaM 3HayeHHe
HyJb. [lonoxum

Fltpss s 0)=F O «ovy Oy gy -ooytt).
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Tenepb ¢ TMOMOILLIO TOTO Ke pacCy:KIeHHs, YTO U B NepBOH
YacTH JOKa3aTeJbeTBa JeMMbl Mopca (0606MuB NpeABapHTeNb-
Ho Jemmy 4.1 Ha ciyuall, Korla f paBHsieTcs HYJIO BIOJb
,MHOTOMEPHOH OCH“), Mbl MOMKE€M I0Ka3aTb, 4TO

F(u):f(ur+lr s un)+
X ugphlirer ot o, ),
,m<r
rie NpH KaxAoM BbOOpe U,y q, . . ., Un QYHKIHA

AGr+r o MaiRE — R

raafkasi. Bropas uwacTk JoKa3aTenbcTBa JeMMel Mopca, npu-
MEHEHHAasi K 9TOMY BBIDAKEHHIO C YYeTOM 3aBHCHMOCTH OT Ile-
pPeMeHHBIX U,4q, . .., U, KaK OT MapaMeTpoOB, MNpHUBOAUT F
K BHLY

T Upgrs ovey U) VI ... 02,

yTo H JokasbiBaeT TeopeMy. ([lo cyumecTBy, mocie Toro kKaxk
HayaJbHbI 1IAT N0 HAaBeJEHHIO MOPsJKa CIeJlaH, Bech MPOIlece
NpHBeJeHMst K CTAaHAapTHOMY BHAY COCTOHT B TOM, YToObI Iepe-
JIoxasaTb Jemmy Mopca s ciydasi rJaAKofl 3aBHCHMOCTH
OT [apaMeTPOB U, q, « . ., Up.)

B HeKOTOPOM JOCTAaTOYHO CHJIBHOM CMBbIC/IE CJIOBA 3Ta TE€O-
peMa YTBep:KAaeT, YTO MoBefleHHe (PYHKUHH BOJH3H BBIPOXK-
JIEHHOH KPHTHYECKOH TOUKH MOMKHO M3YYHTb, NPHBJEKas JHIb
YHCJ0 NepeMeHHBIX, paBHoe KopaHey MaTpHLbl ['ecce, IlosTomy,
CKaxkeM, KpDHTHUYecKasi Touka kKopaHra 3 ¢yHKuHH ot 2001 ne-
peMeHHbIX NOTpebyeT OT Hac H3YYeHHs JIHLIb HEeKOTOPOH (PyHK-
IIHM OT TpeX MepeMeHHBbIX. JTo CBeleHHe K MaJloMY YHCJY me-
PEeMEHHBIX H €CTb TO, 4YTO AeJaeT JIeMMY paculelVIeHHs CTOJb
NoJe3HOH M CTosb yAHBHTeNbHOH. KopaHr matpuuml ['ecce Mbl
OyleM Ha3blBaTbh TaKXe KOpaHeom (yumkyuu B paccMaTpHBae-
MOH KPHTHYECKOH TOUKe.

B ru1. 6 MBI chopmynHpyeM Gosiee o6ulHe BapHAHTHI JIEMMBI
Mopca u semMBl pacilensieHusi Ans cemericms GYHKUHH — 3Ta
nepepopMyJIHPOBKa MOTpebyeT OT Hac COBCEM MaJso YCHJIHH —
¥ JlalHM HX JOKa3aTeJbCTBO.

6 CTpykTypHas yCTOHYMBOCTL

Tenepb MBI paccCMOTPHM JAEHCTBHE MaJsIOro BO3MYLIEHHS] HA KpH-
THYECKYIO TOUKY. MIHTYHTHBHO, QyHKIHS p Maiq, €CIH MaJkl
BCe €€ MPOH3BOJHbIE B TOYKAX H3 HEKOTOPOH (PHKCHPOBAHHOH
OKpecTHoCTH Havasa. Ilycrb dyHKumMsi [ HUMeeT KPHTHUECKYIO
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ToukY B 0. BoamyTum ee HeMHOrO, 106aBHB Manyio GYHKIIHIO p.
Uro npousoiizer?

Ecaun npousBofiHas p B Haya/ie HeHYJeBas, HayaJjo Booble
nepecraHeT OblTb KPUTHUeckoH Toukofi. DakTHYecKH MOxKeT
CJYYHTbCS TaK, 4TO f GoJiblle He OyleT UMeTb HU 00HOL KpH-
THyeckol ToukH. Ho utobel HauaTh ¢ npocrefiiero ciayuas,
obJsierynM cefe KH3Hb U Npeanodaoxum, uto Dpl,=0.

IMycre ¢yukuua f mopcosckas, T. e. KpHTHYecKasl TOYKA B
HauaJle HeBblpOXkJeHHa. Toria

det Hf|0.
Ecan BO3MYULIEHHE p NOCTATOYHO MaJoO, TO H

TaK Kak OIpEJesHuTe/b recCHaHa MeHsIeTCsl HempepniBHO. 3Ha-
uHT, f+p marxoce 6ydem mopcosckoil gyrxyueti, HeTpyauo uyTs
YCHJIMTb 3TO pacCy:KAeHHe M J0Ka3aTb, YTO H THII CelJia OCTa-
HeTcst AJIst f+p TeM xKe, 4TO U JJ1 f: KDHTHUECKHE TOYKH GYAYT
l-cefljlaMH c OHHM H TeM Xe [ H, 3HaUHT, f U f+ p SKBHBaJIeHTHELI.

Mer ckaxeM, uTo OYHRUHSA [ cmpyrmypro yemoduusa, ecau
IJisi BCceX MOCTATOYHO MaJbiX TJaJKHX (QYHKUMH p KpHTHue-
CKHe TOYKH f M f+p HMEIOT OAMH U TOT XKe THI, APYTHMH CJO-
BaMH, eC/H [ U f~+p 3KBHUBaJEHTHEI, NOC/Ie MOAXOASILErO Mepe-
Hoca Hauasa. PaccyxieHHe, KOTOpoe Mbl NPOBeAH Bhlile, MO-
KasblBaeT, YTO BOJIH3H MOPCOBCKOH KPUTHYECKOA TOUKH (hyHK-
LHs BCerja CTPYKTYPHO ycToHYHBA. MBI 0600IUM 3TO MOHSATHE
Ha HauboJlee BaXKHBIH JJIsi TEODHH KaTacTpod clyyall — Ha ce-
MeHcTBa IMajkux QYHKUHH — B rJ. 6.

Tenepb or6pocum ycnoBue, 4to Dplo=0. Tunuunbifi npu-
Mep TOro, YTO MOXKET CJYYHTbCS, MBI MOJYYHM, B3sB f(x)=x2
H p=2¢ex (TJe ¢ — MaJ/lasi KOHCTaHTa). Bo3myluennas ¢GyHKuHs

f(x)+p (x)=x2+2ex=(x+¢)2—e?

HMeeT MOPCOBCKYIO KPHTHUYECKYIO TOUKY x=—23. Takum obpa-
30M, KPHTHYECKAsA TOYKA CABHHYJACh (MpPHYEM BeJHYHHA CMe-
ILEHHsl TJIaZKO 3aBHCHT OT €), HO He HM3MeHHJIa CBOEro THIIA.

Jl;1a1 BEIDOXKJEHHBIX KPHTHYECKHX TOYEK KapTHHA OKAa3blBa-
eTCsl COBepIleHHO HHOH. Ec/H MBI BO3MYTHM Xx®, 106GaBHB UJeH
€X, TO JJIsl NOJIOXKHTENbHLIX & BoOOIe He OYAET Hu 00HOL Kpu-
THYECKOH TOUKH, a JJ/1sl OTPHLATENBHLIX & X GyjaeT Ose — oaun
MOPCOBCKHH MaKCHMYM H OlHH MOPCOBCKHI MHHUMYM (pHc. 4.6).
HMrak, x* Kak KpHTHYecKas TOYKa CTPYKTYPHO HeyCTOHUHBA.
AHasnornyHelM o6pasoM x* B pe3yJbTaTe BO3MYLIEHHS YJ€HOM
ex? JaeT JH6O eIMHCTBEHHbIH MOPCOBCKHI MHHHMYM, JIHGO ABa
MHHHMYMa H OJHH MakcHUMyM (puc. 4.7). Uem Bhillle cTeneHs n,
TeM XyxKe BelieT cefsl x" B 3TOM OTHOILIECHHH: BO3MYILIEHHe XP



§ 6 CTPYKTYPHAS YCTOHMUMBOCTL 91

/X//e—o T e
@ ) ©)

8 \e Puc. 4.6

MOJKET TNPHUBECTH K 4ernbipem KPHTHYECKHM TOYKAM — JBYM
MaKCHUMYyMaM H ABYM MHHHMYyMaM — H 3TO He3aBHCHMO OT TOTO,
HAaCKOJIBKO MaJjbIM Mbl GepeM Bo3mylleHHe (pHc. 4.8).

MoxHo nokasatb (cM. Musnop [16]), uto kputHueckas Tou-
Ka CTPYKTYPHO YCTOHYHBA, €CJIH M TOJBKO €CJIH OHAa HEBBIPOXK-
JleflHa; cJefOBaTeJbHO, KaxJas BHIPOMJEHHAas KpHTHYecKas

AWAV/

E>0
@ ®) © Puc. 4.7

TOYKa CTPYKTYPHO HeycToHuHBa. [lanee, CTpYKTYypHas ycToH-
YHBOCTDb SIBJACTCS MUNU4HbIM CBOACTBOM B CMBICJE, KOTOPBIH
MH 00bsICHUM No3fHee. ONHAKO, KaK MBI YBUIUM B 1. 7, B cJ1y-
qae cemeticmsg TJaikuX QYHKUUH CHTYyauust GYAeT COBCeM HHOH.

3aMeTbTe, 4TO aHA/IM3 MaJlbIX BO3MYIIEHHH MO3BOJsET HaM
NPOBECTH YE€TKOe PAasjHyHe MexAy x® H x°, HECMOTPSI Ha HX
NOBEPXHOCTHOE CXOACTBO: NPH BO3MYILICHHSIX OHH DacLIerisi-
10TCSl Ha PasHOe YHCJIO KPHTHYECKUX TOYEK. 3TO — KauecTBeH-
HOE pasjiMyHe H, KOHEYHO, OHO MOXET OKa3aTbCs BaKHLIM B
NPHJIOMKEHHUSIX.

Hama ouepefiHas 3ajaya — OOBACHHUTB, KAK MOXKHO yCMO-
TPETE TIeOMeTPHYECKH THNHYHOCTH MOPCOBCKHX (DYHKUHH. Puc. 4.8
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Puc. 4.9

Puc. 4.10

ic. 4.11

B caeaytomyx nByx naparpadax BBOASITCS HYXKHEIe MOHSITHUS, B
TpeTbeM OOCYHKAIOTCST TeOMeTPHYeCKHe NPHYMHEL CTPYKTYpPHOH
YCTOHUHBOCTH.

7 MHoroobpasus

MHroeoobpasue — 3To MPOCTO MHOTOMEPHBIH aHasor TJajKoH
KPHBOH HJIH NOBepXHOCTH. FHam He noTpebyiorcst HUKaKue rJ1y-
60Ku1e MaTeMaTHYeCKHe CBOHCTBA MHOT00Gpa3uil, a TONbKO caMo
3TO NoHsATHe. ['1adkum nodmuoeoobpasuem B R* HaswiBaeTcs
Bcsikoe noAaMHoxectBo M B R7, obnajatoiliee clienyioHinMu
CBOHCTBaMH:

(a) JIoKanbHO OHO BBITVISIAHT KaK KYCOK npocTpaHcTBa R™;

(b) oHo BAOKeHO B R” riagko, T. e. MMeeT eAHHCTBEHH VIO
KacaTe/IbHYIO THNEPNJOCKOCTh B KaxJIoH TOUKe !,

1 Ora rHnepnJaocKocTb AOMKHA ellle HENPePHIBHO 3aBHCETb OT TOYKH, H
NPOEKIHS MHOroo6pasHsl Ha Hee JOJXKHa GHTb B3aHMHO-OJHO3Ha4Ha BO/IU3H
TOYKH Kacanusi.— [Ipum. nepes.
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Uucno m HaselBaeTCst pasmepHocmoero MHOroobpasus. On-
HOMEpHOe MHOroofpasHe — 3TO KpHBas, ABYMEpPHOe MHOIO-
o6pa3He — nosepxnHoctb. Ha pHc. 4.9 mokasausl HeKoTOpbIe
THMHYHBIE MHOroobpasus B R3, Bce pasmepnocty 2. Ha
puc. 4.10 npezcTaB/ieHBl MHOXECTBAa, KOTOPLIE He SIBJASAIOTCS
MHOroo0pasHsiMH, MOTOMY YTO HX JIOKaJbHOe YCTPOMCTBO He-
NpaBHIbLHO, 4 Ha pHc. 4.1 — MHOXecTBa, KOTOpble HErJaLKo
BJIOXKEHbI B OOBbeMJIolIEee NPOCTPAHCTBO.

Ecan Mel XOTHM BBIDa3uTb ycsoBHe (a) Gosee opMasibHBIM
o6pa3oM, TO HaJl0 BBeCTH MNOHSITHe Kapmol (WU A0KAAbHOL cuc-
memut KoopOuram) B Touke x € M. 1o — norajbHeill KUbdeo-
mopthuam f: U—M, rae U — HEKOTOpOe OTKPHITOE NOAMHOXKe-
ctBo B R” u f(U) — OKpeCTHOCTb TOUKH X OTHOCHTEJBHO M.
CranpapTHele KoopAWHAaTel B [R*® MHAYUUDPYIOT (JIOKaJbHbIE)
KoopauHatel B M (puc. 4.12). B kuurax n1s GU3HKOB H HHXKe-
HEepOB HX YaCTO HA3bIBAIOT KPUBOAUHEUHbIMU (HITH 0000WeHHbIMLL)
koopdunamamu. Co CJIOBOM ,,KOOPAHHATA“ CBS3aHO TAKXKe CJO-
BO ,f1apameTp“; WHorja oOBeKThl, Belyllide cebst Xyxe, ueM
MHOT000pasus, napamempusyrom TNpH I[OMOILU 0cobblx (Cut-
eyaspHolx) otobpaxeHul (T. e. oToGpaxeHuH, He sBJSIOIIHX-
cs JIOKaJbHBIMH AH(PeoMopdH3MaMu).

8 TpaHcsepcanbHOCTL

B kKoHeuHOM cueTe Mbl ONpefesHM NMOHsATHE TPAHCBEPCAJIBHOCTH
Iast MHOrooOpa3Hil, HO cHauvaJjia 3afiMeMcsl BEKTOPHLIMM IpO-
crpancrBamu, [IBa moanpoctpanctBa U u V B R” HasbiBaioTca
MPAHCBEPCANbHOIMI, —€CJIH BMeCTe OHH MOPOMXAAIT BCE Mpo-
crpanctBo. Ecmu dim U=s n dim V=¢, To 310 03Hauaer, uTo
§-+{==n. O6paTHO, IIPH BLIMOJHEHHUH ITOr0 HepaBeHcTBa U U V
TpaHCBepcaJdbHbl TOrZi@ H TOMIBKO TOrjJa, KOTAA OHH Iepece-
KaloTcsl N0 NMOANPOCTPAHCTBY HaMHH3MIEH BO3MOXKHOH pa3smep-
HOCTH. DTa MHHUMAaJbHasi pa3MepPHOCTb paBHa

max (0, s+t—n).

93



94 TNABA 4 KPUTUHECKUE TOYKM U TPAHCBEPCANBHOCTb

Puc. 4.13

Puc. 4.14

Hanpumep, nBe niockoctd B R® TpaHcBepca/ibHbl, €c/H OHH
nepeceKkaroTcs Mo NpsiMOH (T. €. eC/IH OHH He COBNAAaloT MEXAY
c0o00}1), MOCKOJIBKY

max (0, 2+2—3)=1.

4-mepHoe U 6-MepHoe MoanpocTpancTBa B R? TpancBepcanbHLL,
ec/M OHH MepeceKaloTcsl Mo HOANPOCTPAHCTBY PA3MEPHOCTH

max (0,4+6—7)=3.

C apyrofi cTopoH:l, ABa OZHOMEDHHIX MOANPOCTpAaHCTBA B R?
(aBe mpsiMble) He MOTYT ObITb TPaHCBePCAaJbHbI,

Tenepb nepefineM K aggurnsim NOANPOCTPAHCTBAM — BeK-
TOPHBIM MOANPOCTPAHCTBAM, OTOABHHYTHIM OT Hauaja. Bosee
TOYHO, apHHHOe MOANpPOCTpaHCTBO B R” — 3T0 moaMHo:KecTRO
BHJA

X=V+a={v+a|veV},

rie a — GHKCHPOBAHHLIH 3jeMeHT H3 R”, a V — noanpoctpan-
ctBo (puc. 4.13). Ilon pasmepHOCTbi0 X MOHHMaeTcsi pasmep-
HocTe V.

Oco6eHHOCTHIO HOBOH CHTYaLHH SIBJISIETCST TO,YTO adpHHHBIE
NpocTpaHCTBa MOr'YT BOBCe He NepeceKaTbesi (KaK, CKaxkeM,
CKpelllHBaloiiecs: npsivple B R*, Hanmpumep, npsambie

Ll:{(x: ya 2) l x:yzo}’

L,={(x, y, 2) | y=2=1}
1ile MOT'yT Tlepecedbesi, TaK Kak AJsl TOUKH (¥, y, 2) H3 HX nepe-
CeUeHHS JI0/KHbI GblH Obl OJHOBDEMEHHO BBINOJIHATLCS PaBeH-
ctBa y=0 u y=1; cM. puc. 4.14). Ha camom nmene sro naxe
THIIHYHO AJIS NPsiMbIX B R® — BoBce He mepecekaThes.

[lycte X u Y — adpunnpie noanpoctpanctea B R” pas-
MepHocTe# s M [ cooTBeTcTBeHHO. ['oBoOpAT, 4To OHH mparc-
sepcarbror (MM REPECEKQIOMCa MPAHCEEPCAAbHO), €CIH

(a) uX nepeceyeHHe NYCTO

Ju6o
(b) s+t=n u dim X O Y=s}+t—n.

Ha puc. 4.15 nokasaHbl HeKOTOpble THIHYHbIE TepeceyeHHs
B R? u OTMedeHO, KaKHe H3 HHX TPaHCBEPCaJbHHI.

3aMeTHM, YTO TPaHCBEPCaJlbHOCTb 3aBHCHT OT PasMepPHOCTH
00beMIOILET0 TPOCTPAHCTBA; HanpHMep, MepecedeHHs (e},
(h) u (j) 6ul1H OBl TpaHcBepcalibHbl B R2.

ITpucTynuM, HaKOHell, K MHOTooGpa3usM. JIBa noaMHOroo6-
pasus B R" nepecexaromca mpanceepcarbHo B JAHHOH TO4YKe,
ecsH 100 OHW BOBCE He MepPeceKatoTcsi B 3TOW TOuKe, JHOO HX
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TpPaHCBECPCAILHO TPaHCBEPCAJIBHO X¢ TPAHCBEPCAJBHQ TPAHCBEPCAJbHO
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HE TpaﬂCBCpCﬁhbHO HE TPAaHCBEPCAJIBLHO TpPAaHCBEPCAJIBHO HE€ TpaHcCBEpCcanLyo

X (UpsiMas,
NapannenpHas Y)

0] (k)

X (mmockocTs,”

napajenbaas Y)

TDP3HCBEDCAJIBHO e TDPAHCBEPCAJILHO TPaHCBERCAJIBHO TPaHCBEPCAJIBHO

KacaTe/IbHble (THIEP)NJIOCKOCTH IepeceKaloTcsi TpaHCBepcalb-
HO. B oTanune or cayuas appuHHBIX NOANPOCTPAHCTB 3TH Ka-
caTe/lbHbie THIEPIVIOCKOCTH MOTYT COBNalaTh AJs MHOr0o6-
pasuil, KOTOpble caMH IepeceKaloTcsi JHIIb B OAHOH-eLHHCT-
seHHOH Touke. Hanpumep, kpusbie (l1-mHorooGpasus y=0 u
y=x% B R® He TpaHCBepcaJ/bHbl B HauaJjle (XOThb OlO H ABJSETCA
¢JIMHCTBEHHON TOUKOH INepeceueHHst), MOCKOJBKY AJMA oBeHx
KacaTeJbHOH CAYXHT och x (puc. 4.16).

Ha puc. 4.17 upeacrasiensl Ajst MHOrooGpasuii cayuau, 1o-
KasaHHble A/l IJ1ocKocTell Ha puc. 4.15, ¢ go6GaB/iendeM ofHO-
ro GoJlee TOHKOTrO cayuasi (m). XoTs OH H HallOMHHAaeT cJerka
cayuall (i), smecb HeT TpaHCBepcaJbHOCTH, TaK KaK KacaTesb-
Hble TWIOCKOCTH COBNAJAIoT.

O TpaHcBepca/nbHBIX 00BEKTaX 4acTo FOBOPSAT, UTO OHU Ha-
XomaTcs B odwjem noaoscenuu (MO0 ,He MPOHCXOAUT HUUYEro
ocobenHoro“)., TpaHcBepcanbHOCTb munuvnHa B CJeRAYIOLLEM

Puc, 4.15
53
3Nech
y OpsIMOH
M KpHBOH
o01as
kacaTenpHas
0
Puc. 4.16
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TPaHCBEPCANBHO

)
A

\\-/

/

X X

(b) ©

TPAHCBEPCANTBHO  HE TPAHCBEPCANBHO TPAHCBEPCATBHO

@® T W

ic 'r]iancsepcanb}m He TpanceepCaJbHO TPAHCBEPCaJAbHO He TPaHCBEPCATLHO

@
TPAHCBEPCATbHG HE TPAHCBEPCANILHO TPAHCBEDCANBHO  TPaHCBEPCANbHO  TPAHCBEPCATLHO

Puc. 4.17

(0) ® 0 (m)

cMbIcJie (KOTOPBIA MOMKHO cleNlaTh TOYHBIM): JJisi ABYX MHOrO-
ofpa3uii, B3sTLIX Hayjlady, OeCKOHeYHO MaJa BepOsSTHOCTb
TOro, 4YTO OHH MepeceKaloTcss HeTPaHCBepCaJbHO (NPHMEPHO
TaK e, Kak 6eCKOHeYHO MaJla BEPOSITHOCTb TOro, YTo0n! Hayaa-
4y B35iTOe BellleCTBEHHOE YHCJO 0Ka3aJoCh 8 MOYHOCMU paB-
ubiM 1t). TouHasi opMa 3TOro yTBepKAEHHsT O THIIMYHOCTH Oblla
BNepBble OTKPHITA H JloKasaHa ToMoM; Mo Ha3BaHHeM TeopeMbl
Toma o TpaHCBEpCaJbHOCTH OHAa CTaJsa MOLIHBIM TeXHHYECKUM
cpeactBoM. OJHaKO B HHTYHTHBHOH (opMe 3TO yTBepIKLeHMe
y3Ke J1aBHO HOSIBHJIOCH B KayecTBe HEesIBHO Je/1aeMOro JAOMYlie-
HHUsi Y MHOTHX (PH3HKOB. $I3bIK, KOTOpBHIH NO3BOJMT HaM BRIpa-
3UTbh Bce 3T0 ¢ Gosblrel siCHOCTBIO, MBI Pa3oBbeM B § 11.
B6/aH3K TOYKH TpaHCBepcaJbHOrO flepeceYeHHsi napa MHO
roobpa3ufi Xopollio anfpoKCHMHPYeTCst Napodl KacaTeJbHblX
mockoctefi. OTclola BbiTEKaeT, YTO JIOKaJibHas NPUPoJa nepe-
ceYeHHsl OnpeJlesieTcsl HCKJIOYHTEJNBbHO PasMepHOCTSIMH MHO-
roo6pasuii: /st napbl NpPOCTPAHCTB JaHHBIX pPa3MepHOCTell
OJIHO TpaHCBepca/libHOe flepeceyeHHe BBHHVISJAHT TaK e, Kak
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npyroe. JeHACTBHTeNbHO, HMEeTCsl MO CYIIECTBY TOJNBKO OIHH
crnoco6 HONYYHTH TPaHCBEpCaJbHOE MepeceyeHHe BeKTOPHBIX
noxnpocrpadctB U u V, uMeHHO: BpIOpaThb KaKoOH-HHOYAB
Gasuc ut, ..., u? gis UV, paciuuputsero no 6asuca aas U,
no6aBuB uPtr, ..., uS, U jgo Gasuca gas V, nobaBuB vl |,
v!. Torma HaGop BEKTOPOB

ut, ..., us, vty .. 0
Oyzner Gasucom jans Beero R?, Orciofa BHAHO, YTO C MOMOLILBIO

JIHHEHHOH 3aMeHBl Mbl MOXKEM INlepeBecTH HallH MOANPOCTPaHCT-
Ba B MOANPOCTPAHCTBA

U’, naranyroe Ha e!, ..., €5,
H
V', matsauytoe Ha €', ..., er, eS*tl . . e",
rae e’=(0,...,0,1,0, ..., 0) (eaunuua Ha i-M MecTe). ITa KOH-

tdHrypanus elMHCTBEHHa, H Kax/Joe TpaHCBepcasbHOE epeceye-
HHe s-MHorooOpasusi ¢ {-MHorooGpasueM B R” jJloKa/JbHO BBIIJIs-
IHT B TOYHOCTH TaK ke, Kak oHa. Puc. 4.18 wmocTpHpyeT 310
st caydasi 2-mMHoroobpasuit B R3.

OTMeTHM, YTO ONHCAHHOE Bhillle IPUBEJEHHE K CTAHAAPTHOMY
BUAY TpeOyeT BbLITOJHEHHs JABYX aKTOB BblOOpa, KaxIpiii H3
KOTOPBIX MOXeT ObITb OCYIIECTBJIEH Pas/HYHBIMH crocofami,
B tepmuHOJIOTHH, BBeJeHHOH B § 2 rii. 2, 310 BhOp KoGa3uca
g UnV s U u coorBeTcTBeHHO B V.

9 TpaHcBepcanbHOCTb M YCTOMYMBOCTL

M3 paccMoTpeHHst HallHX KapTHHOK HHTYHTHBHO SICHO, 4TO,
HEMHOTO ,,TIOlIEBEJINB" TpaHCBepcaJbHOE NlepeceyeHie, Mbl CHO-
Ba MOJYYHM TPaHCBepcaslbHOE NepeceueHHe, H 3TO COBCEM He-
TPYAHO JoKa3aTb anre6panueckd. Ilocne BriGopa KoOOpAHHAT
B [OAMHOroo6pasHAX YCJ0BHe TpaHCBepCalbHOCTH (Hamnpa.Jie-
HHsl B OXHOM MHOT000pasHH INIIOC HallpaBJeHHs B JPYroM AaioT
BCe HampaBJeHHss B R") MOXHO BBIpa3HThb KakK TpeCoBaHHe,
utobBl He BCe ONpeJieJIUTeNIH H3 HEKOTOPOro 3alaHHOrO CITHCKa

4 T, Iocrton, M. Cricapr

Puc. 4.18
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Puc. 4.19

R
\/ /
N
(a)
R
df
/] dx X
®)

ofpaluaiuch B HYJb. JTH ONpele/HTeslH HelpPephiBHO 3aBHCAT
OT MOJIOXKEHHST MHOroo6pasHH, H ec/lH OHH OTJHYHBEI OT HYJs
[IpH KaKOM-TO HX IOJIOXKEHHH, TO OHH OTJIHYHBI OT HyJd H AJsi
BCeX COCEIHHX moJoxkeHHH. CleloBaTe/bHO, B STHX IOJ0Me-
HHAX TakKxe OYIeT UMeThb MeCcTO TpaHCEepcajbHOoe Iepeceye-
nue. Takum o6pa3oM, TPaHCBEPCANbHOCTb — YCmotidugoe cBou-
CTBO, COXpaHsolleecss NPH MaJjblX BO3MYLICHHAX.

Mbl He JoKasbiBaeM 3TOrO NOAPOOHO, TaK Kak B JeHCTBH-
TEJILHOCTH HaM TMpHJeTcs NpuberaTb K 6oJlee CHALHOMY pe-
3yabraTy — meopeme Toma o6 usomonuu, LJist KOTOPOH MBI He
BBeJIH HYXHOH TexHHKH. OHa yTBepxkJaeT He NPOCTO TO, 4TO
TPaHCBEPCaNbHOCTE  SIBJISIeTC  YCTOHUMBLIM  CBOLICMBOM, HO
4TO CaMH TpaHCBepcaJblible MepecedeHHst ycToiuubel. [loaxo-
IAMMMH 3aMeHaMH KOoopAHHAT B R” u B paccMmarpHBaeMbIX
noAMHoroo6pasuax JoGoH JocTaTouyHo OAM3KHH ,cocel” naH-
HOTO TPAHCBEpCa/bHOrO MepeceueHHsl MoXkeT ObTh NpHBeeH
6 mourocmu K ToMy e camoMy BHAY. (Ha camom jese sTo MoX-
HO cAeJaTh JJisi LeJoro cemedcTBa coceliell OJHOBPEMEHHO,
noJ06H0 TOMY KaK 3To GBIIO CHeNaHo AJs cocefiell MOPCOBCKOH
¢dyuxuuu B § 6.) M3 H3BecTHBIX HaM JloKa3aTesbCTB 3TOH Teo-
peMnl HauHGosee NpPHBJAEKATeNLHO JA0KA3aTe/NbCTBO, JaHHOE Y
A6paxama u Po66una [17]: crporoe foKa3aTeqbCTBO, OXBAaThl-
Bawlllee H OeCKOHEUHOMEpHLIH cJay4yad clienaHo TaM, OJja-
rofaps 3JeraHTHHIM OeCKOOpAHHATHBIM 0003HaUeHHAM, upe3-
BbIYafHO T'eOMETPHYHAIM.

CTpyKTypHasi YCTOHUHBOCTb MOPCOBCKHX (YHKLIHH MOMeT
6bITh TOJyUeHa Kak CJAefCcTBHe TeopeMmbl Toma 06 H3OTONHH,
H TakoH BHIBOJA MMeeT HEKOTOphie IpeUMYIlecTBa o CpaBHe-
Huio ¢ Gojiee 3/eMEHTapHLIMH DPacCyKIEHHSIMH, KOTOphle MbI
HCIO/b30Ba/H paHee. JeHCTBHTeNLHO, YC/IOBLHE HEBBIPOXKJEH-
HOCTH MaTpuubl I'ecce B TOUHOCTH cOBNajfaeT C YCJOBHEM,
yTo6E MaTpuila $IKOOH oTobOpakeHHs

Df=(af ﬂ): R* — R»

oy T Oxy

6bl/1a HEeBEIPOXKIEHHOH, KaKoBOe B CBOIO OUePelib €CTh YCJIOBHE
Toro, utobnl rpagpuk Df nepecekas TpaHcBepcaJbHO TIpagHk
HyJieBoH QYHKUHH, (3TO coBCeM JIETKO YBHJETh B caydae n=1,
TaK Kak 3Jech YCJOBHe TpaHCBepcasbHOCTH rpadukoB Dfn
d2

0 npHHHMaeT BHJ —x—fz 0 (puc. 4.19), 4T0 H ecTb YcJOBHe
Mopca.)

HTak, ycTOHYMBOCTD MOPCOBCKHX ()YHKLUHH BBIBORHTCS H3
YCTOHUMBOCTH TPaHCBePCaJbHBIX MepeceueHud. To0 ace canoe
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cnpasedauso U 6 OMHOWeHuU ux munugrocmy., Mbl BHIeNH
Rbillie, YTO HEMOPCOBCKHE QYHKIHH X* U X* He SIBJSIIOTCH CTPYK-
TYPHO YCTOHUMBBIMH. Tenepb Mbl BUAHM, YTO rpaUKH UX MPO-
u3BOAHBIX (pHc. 4.20) aTHNHYHBI — OHH HETPAHCBEPCAJBHO Me-
peceKaloT HYJeBYlo npsaMyro. M3 mosnnolt GopMyJaHPOBKH Teo-
pemti Toma o TpaHCBepca/ibHOCTH, YyTBepiKAaloLleH, YTo TH-
nuuHbl Takue QYHKUMH f, B KOTOpHIX rpaduk npoussogHoi Df
¥ rpaMKH BHICIINX MPOU3BOAHBIX MepeceKaloT HEKOTOPOe MHO-
roo0pasHe TpaHCBEPCaJbHO, MBI MOXKEM BBIBECTH THIHYHOCTb
¢ynkuui Mopca. MHOro Apyrux J0Kas3aTesbcTB 06 YCTOHYH-
BOCTH U O THIIMYHOCTH INPOBOAATCH TaKHM e 06pasoM.
Caveat lector!. Mnl Hcnonb3oBasnu GoJiee TOHKHE (aKT, yeM
npocto ,TunHuynas ¢yHKuMa f: R* — R* TpaHcBepcaJibHa
K HYJIO“,— Mbl JOMYCTHJIH, YTO THOHYHAs QYHKUUS [ UMeeT
nponssonnyio Df, TpaHncBepcasbHYI0 K HYJIO, APYTHMH CJO-
BaMH, UTO TPAHCBepPCATbHOCTb THIHYHA cpedu Qyukyuii-epa-
Ouexnmos  (No-ApyroMy — ,ToyHbIX Auddepenunanos”). Ho
rpajHeHT — 3TO BeCbMa CMeLHaNbHBIH Kaace oToOpaKeHHH IpH
n>=2 (nanpumep, otobpaxenue g: R*— R? g(x, y)= (y,—x)
He siBIsieTcs rpaiveHToM). T'panneHTHble OTOOpaskeHHsT Ha
R”, nZ=2,— 3To B TOYHOCTH Te, J/Isi KOTOPbIX HEKOTOPHIH Au-
¢depenuvan (pomop U3 ,BEKTOPHOrO aHa/Ju3a“, aast n=3)
ofpaulaercst BCloAy B HyJab., UToObl OUEHHUTH HEJHKATHOCTh
npobJemMbl, pacCMOTPHUM KJacc oro6paxeHuét f: R2 — Re2,
Yy KOTOPbIX NepBasi NPOHM3BOAHAS N[O X; BCIOAY paBHA HYJIO.
TyT ecTb NOBEPXHOCTHAS] aHAJOTHS C NPebIIYLIHM, COCTOSLAs
B TOM, YTO HEKOTOPbIH JH(depeHLHaNbHBIH ONepPaTOp TOKIECT-
BeHHO paBeH Hy/o. Ho B 3TOM mocsefHeM KJacce TpaHcBep-
CaJIbHOCTb He SIBJSIeTCS] THIHYHOH: MOCMOTPUTE, KAKOBbI reo-
MeTpHYeCKHe CJeACTBHSA ,IIOCTOSIHCTBA MO X;“, U BBl cpasy MoH-
MeTe, B YeM TYT JeJo.

UTo siBJsieTCs THIHYHBIM, a YTO HeT, 3aBHCHT OT TOrO, Ka-
KOHl KJlacC paccMaTpHBaeTcsi, W 3Jlechb OfHA M3 NPHYHUH TOrO,
noueMy TeopeMa ToMa O TpaHCBepCaJlbHOCTH, B KOTOPOH yT-
BepKJaercsl HHTePecyiolllasi Hac THIHYHOCTb, HH B KOeM CJay-
uae He SIBJsSIETCS TPHBHAJNBHOH WJH Jerkoi.

Cpenn Bcex HeNpepbIBHbIX KPHUBHIX B HEKOTOPOM CMEICJE
a6CO/IIOTHO HEeTHIHYHBl KpHBLIE, KOTOpble XOTb TIje-HHUGYIb
IuddepeHINpYeMbl — H OZHAKO 3TAa KHHTA [EJHKOM IOCBS-
leHa BCIOAY AH(¢epeHLHPYeMBIM MoJensaM MHpa. THNHYHOCTD
MOXKET HMeTb MeCTO JIMIb B IpefieaX BHIODAHHOTO KJjacca
MaTeMaTHYecKHX Mojiesied, U BLHIGOp NPUXOAUTCHA JeNaTh, OH
He 3aliaH.

! Yurarens fa 6aur (aam.).— [pum. ped.

4%

®)

Pac. 1.20
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10 TMoHsTMe TpaHCcBepPCanbHOCTH ANs OTOBpPaXKeHUM

B rn. 7 HaM norpebyeTcs 4yTh GoJee CJA0XKHOe MOHSITHE TPaH-
CBepcaJlbHOCTH: TPaHCBEpCalbHOCTb OTOOpPakeHHs1 K MHOrooG-
pasuio. Ecau C — napamempusosannas Kpusas B MIAOCKOCTH,
C: R—R? To Mbl MOXeM paccMaTpHBaTb NapaMeTp Kak 6pe-
M, a KPHBYIO — Kak JBHXYLLYlOCs TouKy. Toria TpaHcBep-
CaJbHOCTb 3TOH TNOABHXKHOH TOUKH K JaHHOH (UKCHPOBaHHOM
(HemapaMeTpu3oBaHHON) KpuBoHi C’ o3Hauaer ciaenywouee. Bo
BCex cayuasnx, Koraa C(f) nexuT Ha C’, BeKTOp cKOpocmu Ha-
el MOABHIXHOH TOYKH B MOMEHT { J0JKeH ObIThb JIHHEHHO-He-
3aBHCHMEIM C Kacameastbim BeKTopoM K C’ B C (£). Ipyrumu cio-
BaMH, He TOJBKO TPaeKTOPHsi TOYKH JOJKHa OBITb TpaHCBep-
calbHa K C’ B OOGBIYHOM CMBIC/IE, HO H CKOPOCTB, C KOTOPO# T04-
Ka npoxoiuT Yepe3 C’, No/xHa ObITh HEHYJeBOH.

IlpuunHa, 1Mo KOTOPOH Mbl BBOAMM oOllpefleleHHe TaKHM 00-
pa3oM,— KeJlaHHe YAepxKaTb I0Jle3Hoe CBOHCTBO CTPYKTYPHOH
ycrofiunBocTH. Tak, ecin C’ ecTb och ¥, a C(f) — Touka (3, 0),
TO 06pa3 C — 3To B TOMHOCTH OCb X, TPaHCBepcaJ/bHasi K OCH 4.
Ho, BoamyTuB Hemuoro C, a uMeHHO 3aMeHHB (2, 0) Ha (£3—ef,
0) ¢ MOJIOXKHTENbHBIM €, Mbl MOJYYHM TPAeKTOPHIO, Nepece-
xamwtuyio C' TpH pa3a BMeCTO ORHOrO — OYEBHAHOE KauyecTBeH-
HOe OTJIHYHe. 3TO MOIJIO CJAYYHTbCSI TOJbKO MOTOMY, YTO CKO-

pocThb (d%t"lo, 0), ¢ koropo#i Touka C(f) nepecekaer C’, paBHa

HYJIO.

YcnoBre TpaHCBEpPCadbHOCTH ¢yHRuUMH f: R” — R* x nas-
HOMY MHOTOO0OpasHIo onpejessieTcsi aHaJorHyHO. BekTop cko-
POCTH 3aMeHsIeTCsl NMPOCTPAHCTBOM, MOPOKIAAEMBIM BCE803MOMC-
HbLMIU BEKTOpPAMH CKOPOCTH B Touke f(x) € R*, xoTopele monay-
YaloTCsl NPH ABUMEHHH IO KPUBBEIM f(g(f)), MPOXOAALIHM dYe-
pe3 f(x), 1 3TO NPOCTPAaHCTBO AO/KHO ObITb TpaHCBepCa/lbHO K
KacaTeJIbHOH THOEPIVIOCKOCTH K paccMaTPHBAaeMOMY MHOroo0-
pasuio B R”. DkBHBaJleHTHEHIM 00pa3oM, COOTBETCTBYIOII e 2pa-
¢huKu NOJIKHEI OBITb TPAHCBEpPCAJIbHBIMH KaK MOJMHOroo0pasHs
B R”XR” (Gonee TO4HYIO (OPMYJHMPOBKY MOXKHO HAHTH Yy
Tony6uukoro u I'uitemuna {18l). 2ror THN TpaHCcBepcanbHOCTH
no-npe)xHeMy YCTOHYMB M THIIHYeH, U ¢opMmyJa Ais pasmep-
HOCTH I110-TIPEXKHEMY OCTaeTcsi CNPaBell/IHBO#, C COOTBETCTBYIO-
LMMH OroBopKamu B caydae m=n. Ecau Qynkuus f: R? — R»
TpaHcBepcanbHa K noamuoroodpasuio C° B R” u nepeceuenue X
3TOro NMOAMHOrooGpa3vs ¢ o6pa3oM [ HENyCTO H He COAEPIKHT
KPUTHYECKHX 3HaueHH f, To X HMeeT pasMepHOCTb

min (m—+-r'—n, r’),

rie r’ — pa3mepHocTs C'.



§ 11 KOPA3BMEPHOCTb

B TepMHHOJIOTHH, KOTOPYIO MBI BBeieM B cJeAylolleM Iapa-
rpade, TpaHCBepcaJbHOCTb O3HAYaeT, YTO KOPasMepHOCTb X
B ob6pase [ (a caefoBaTesabHO, H KopasMepHOCbe H(X) B R™)
paBHa kKopasmepHocTH C' B R™.

11 KopasmepHocTh

Teopema o HesiBHOH QyHKUHMH (rJ1. 3, § 9) nokasbIBaeT, 4To ecJu
oynknma f: R? —R”, m<n, takosa, uto f(x1, ..., X,)=(cy,

, Cm) H B TOUKE (X1, ..., X,) npoobpas Df-1(0) cnyxur rpa-
(GHKOM HEKOTOpo# (DYHKUMH (3KBHBAJEHTHO, [ HMeeT paHr ),
TO BOJH3H (X, ..., X;) Mbl MOXeM MNpelACTaBHTb MHOMKECTBO

f—l(c):{(yl’ v yn)lfl(y):ch cee fm(y):Cm}

KaK Tpaduk HeKoTopoH TJafkolh ¢yHKUMH R#~7 — R=,
B yactHocTH, f~'(¢) MOxeT OHITb IJafKO NapaMeTPH30BAHO
BOJIM3H X TPH NOMOWM (Y1, ..., Yn-m) H, 3HAUHT, sABJIsETCH
rJafkuM nofAMHoroobpasueM. O6patHo, J11060e TaKoe NOAMHO-
roo6pasue M MoxeT ObITh JIOKaJNbHO 3aNHcaHo Kak f~1(0) ans
noaxofAuled raakod (YHKUHMH f, HMelollell MaKCHMaJbHLIH
paur m B Toukax M. (Cpenartn 370 cpasy Bo Bcex Toukax M,
BooOllle TOBOPsi, HeJb3si. Kakoro poja TPYAHOCTH TYT BO3HH-
KalOT, MOXKHO YBHJETb, NEBITAsICh BBEISICHHTb, C KAaKOH CTOPOHHI
Jucta Mé6uyca, comepxkauerocs B M, dyukuus f: R®—R,
aas kKotopolih M=f-*(0), nonxHa 6biTb nmosoxuTeabHOH! On-
Hako Nobau3ocTH J0OOH TOUKH 3TO BCErJa BO3MOXKHO.)

Hrak, uMeercs (JOKaslbHasi) SKBUBAJIEHTHOCTL MeXAy (n—
m)-MepHLIMH oAMHOrooGpasusMu B R” W, B TpajHIHOHHOR
TEPMHHOJIOTHH, ,MHOXECTBaMH, oONpeje/ifieMbIMH f ypaBHe-
Huamu“. MiIMeHHO B TakoH MOCTaHOBKe (HU3HMKH Yallle BCErO H
TOBOPST O THIHYHOCTH TPaHCBEPCAJbHOCTH. Ecau M onpege-
JIeHO m ypaBHeHHsiMH, a M’ onpenenexo m’ YPaBHEHHSAMH, Tl
m-+m'>n, To obbelMHEeHHas CHCTeMa U3 m—+m’ ypaBHeHnu
nepeonpedeseHa W B THIHYHOM CJydae He HMMeeT DelUeHHH.
B ciyuae Korja oHa MMeeT pelleHHs, OHH HeYCTOHUHBHI, ecJld
TOJIbKO KaKHe-HHOYADb clielHaJIbHble YCJIOBHS He TapaHTHPYIOT
cOXpaHEHHsl HX CYIIeCTBOBAaHHs, H MNOAPOOHOe HcCJeNoBaHHe
TaKMX CIelHaJbHBIX YCJIOBHH COCTaB/sieT CYLIECTBEHH VIO
YyacTb aJleKBaTHOH TEOPHH.

Kak pas cioa OTHOCHTCs OTMeUEHHOe HaMH paHee HabJio-
nenue, yro ecau dim M-+dim M'<ln, To B THNOHYHOM cJydae
M u M’ nurge B R” He nepecekaioTcsi. Hanpumep, kaxzaas
kpuBas B R® JIOKaJIbHO ,OnpefensieTcs AByMs YPaBHEHHAMH,
[NepeceyeHre ABYX TaKHX KPHBBIX JOJKHO YHAOBJETBOPATDH
YeTbIPEM YPaBHEHHSM H B THIIHYHOM CJyyae He CYUIeCTBYeT.

101
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310 3acTaBisieT Hac oOpaTHTb ocofoe BHHMaHUE HA YHCJIO
n—dim M — 4ucio ypaBHeHMH B MepeMeHHBIX Xi, ..., X,
KOTOpoe HeoGXOAHMO, YTOOBI ONHCaTh JIOKaJbHO M Kak mog-
MHOX)ecTBO B R” (B oTyiHume oT uucaa dim M, KoTopoe Tpe-
Oyercsa Mis napamempusayuy M). DTo YHCIO Ha3BIBA€TCs KO-
pasmeprocmeto M B R*, 1 OHO B TOYUHOCTH PaBHO KOpPa3MepHO-
ctH B R” (xak oHa Gblia onpeneneHa B § 2 1. 2) BCAKOro Kaca-
TEJILHOTO BEKTOPHOrO mpocTpancTBa K M. OHO yacTo OKasbl-
BaeTcsl TMOJIe3HBIM He3aBHCHMO OT Pa3MepPHOCTH.

Hanpumep, nycts X — octpos Bennko6puranus (6e3 npu6-
PEXHBEIX OCTPOBOB). B mpelcTaBneHnH Ha reorpaduueckoi
KapTe X IByMepeH, a rpanuia Mexxay Asraunedl u Hlotnanaue
OJIHOMEpHa, T. €. HMeeT Kopa3MepHOCTh eluHuua. Ho B neficTBH-
TeJTbHOCTH 3Ta IpaHHIa He OflHOMepHA. Bbl HecoMHeHHO mepe-
ceKaeTe ee TaKXKe H TOT[Ia, KOrJa JieTHTe CaMOJIeTOM (B mpejie-
gax X) us Jlongona B I'1a3ro, XoTst U MHJIEH @bitie, YyeM Korja
nepecekaeTe ee NemKoM. Ecin 1006aBHTh K TeM H3MepeHHsIM,
KOTOpble HMeeT KapTa, BepTHKaJbHOe H3MepeHHe, To ,,AHriug®
CTaHeT TpeXMepHOH 00J1acThiO, MpOCTHpawlleHcss OT UeHTpa
Semau 10 ,Kpas HeGec” (B 3aBHCHMOCTH OT JNEHCTBYIOUIMX MeX-
JlyHapOJIHBLIX 3aKOHOB), H TO xe oTHocuTcs K Ulotnauauu. pa-
HHIA CTAHOBHTCS JBYMEPHOH, HO ee KOpa3MepPHOCTb OCTaeTCH
paBHofl 1. Ecsu Mbl no6aBUM K Hallell KapTHHe BpeMsi, TO
CTpaHBl CTaHYT YeThIPEXMEPHBIMH, TPaHHLA TPEXMEPHOH, HO
ee KopasMmepHOCTb cHoBa Oyner I.

Htak, KopasMepHOCTb TpaHHIBl ONpeleneHa Jiyulle, YeM
ee pa3MepHOCTb, H HMEHHO KOpa3MepHOCTb ONpefe/isieT MHO-
rHe H3 ee cBolicTB. Hanpumep, THnHYHast Touka B Benuko6pu-
TAHHHU PacnosiokeHa 4u60 B AHrIuN + Yaanc, aubo B Motas-
AMH (BHe 3aBHCHMOCTH OT BBICOTBI HaJ TOPH30HTOM WJIH 1aThl);
THOHYHAsI KpHBasi [MepecekKaeT TPaHHLY B H30JHPOBAHHLIX
TOYKax (ec/H Booflle ee MNepeceKaeT), BHEe 3aBHCHMOCTH OT
TOrO, HMEEM JIH MBI B BUAY JBYMEPHYI KapTy, TPEXMEPHOE Mpo-
CTPaHCTBO HJIM YeThIpeXMEPHOE NPOCTPAHCTBO-BpeMsi. DhiBaer
NoJe3HO 3HaTb, YTO KOPa3MEPHOCTb YEro-TO paBHa, CKaxKeM, C
(,,[I0IE3HO" B TOM CMBICJIE, YTO MBI MOXKEM J€/1aTh H3 3TOrO CO-
OTBETCTBYIOIHE BLIBOJBI), Jlake B cjydae, Korja JJis onpeje-
JIeHHSI caMOHl pa3MepHOCTH uMewllefica HHdopMalHK HeRo-
CTaToYHO,

B HeKOTOpBIX NpHJIOKEHUAX Pa3MEPHOCTH OKa3LIBatOTCA Gec-
KOHeuHbIMH. KopasMepHOCTb TOTAa Bce ellle MOMXKHO paccMar-
pHBaTb Kak ,4HCJIO ONpeNe/sIOINX YpaBHEHHH", XoTa yKe
Heab3s KaK PasHOCTh pasMepPHOCTeH, KOTOphle Tenepb obe Gec-
KoHeuHnbl. [lokyza KopasMepHOCTb OCTaeTCsi KOHEUHOH, Bce ee
noJie3Hble CBOHCTBA COXPAHAIOTCS,



CHOBA MALLUHDbI

B nmannoil riaBe Mbl NpoOaHaJH3UpyeM pabOTy ONHCAHHBIX B
ra. 1 MaumuH JJs JeMOHCTPallUH KaTacTpod H TOKaxKeM, Ka-
Kas 37lecb MMeEeTCs CBf3b C TeOpHeH KPHTHYECKHX TOYEK U ¢
MOBEJiCHUEM BHIPOXK/EHHbIX KDHTHUYECKHX TOUEK NPH BO3MYLie-
HHH. DTO MOTHBHPYET NOCTAHOBKY OOLIeH MaTeMaTHYeCKOH Npo-
GJsieMbl, pelleHHeM KOTOPOH MOXHO cHUUTaTb Teopemy Toma
U JieXXalluil B ee OCHOBe KOMILJIEKC MaTeMaTHUECKHX METOJOB.
TeM caMbIM H3yyaeMmble 3JleChb NPOCTble MeXaHHYECKHe CHCTEMB
CTAHOBSITCS MOJIEJNbHBIMH NpPHMepaMH 151 ofWied TeopHH, KO-
TOpLIE TIOMOTAKOT YCTAHOBHTb CBsI3b MeXJy TeOpHeH H Npak-
THKOH M OTTOYUTb (H3HUYECKYIO HHTYHIHIO.

1 MawwnHa 3nmaHa

Mbl fafiM aHa/IM3 3HMAHOBOH MAlllHHBI JJ1s1 TeX KOHKPETHBIX
pasMepoB, KOTopele ObLIH YKadauel B . 1. M3 nanbreftiuero
JOJKHO CTaTb SICHBIM, YTO M3MEHEHHe pa3MepOB HE BHeCET
Cephbe3HBIX KAUECTBEHHBIX OTJIHYHH B TOBeleHHe,— (akT, B
KOTOpOM B 3apojibillle COAEPKHUTCS Ba)kHasi Hjes, pa3BUBae-
Masg HaMH B IOJIHOH Mepe MNo3jHee.

[lepBrIii War COCTOHT B TOM, YTOOb! ONpPEJEIHTD NOJIOXKEHHE
Toukd ocTpusi P. B cuay coofpakeHHH CHMMETPHH 5Ta TOYKa
JeXHT Ha ocd (cM. puc. 5.1). Bo3bMeM B KauyecTBe eIHHHUIIEI
JUIMHBEL JHAMeTp JAHCKA, TaK YTO JJIHHBI HEPACTSHYTHIX pe3H-
HOK paBHHI 1, a paccrosinne OA paBHO 2.

CHoBa 10 CHMMETPHUH SICHO, YTO KorjJa Touka B nepemelia-
€TCsl BAOJb OCH, BCerjla HMeeTcs TOJIOKeHHe PaBHOBECHS, OTBe-
yaiomiee 0=0. Touka P, corsacHo o6UMM NpHHUUOAM CTa-
THKH, HaXOJHTCA TaM, [Je 3TO paBHOBecHe MeHsIeTCsi C YCTOH-
UHBOTO (JIOKaJbHBIH MHHUMYM 3HepruH) Ha HeycTOHUYHBOe (J0-
KaJbHLI MakcHMyM). [1ycTb e ¢ 0603HAYaIoT JJIMHBI HAIIHX
JIBYX Pe3HHOK B NOJIOXKEHHH, KOrjia JHCK MOBEPHYT Ha yroa 0,
6m3kuit k 0, HO HeoOsizaTesbHO paBHbIH 0. Ilo 3akoHy I'yka
SHEprusi CUCTeMbl paBHA

V, @)= e—1P+5( — 1),
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Puc. 5.1

rie A — MoayJab ynpyroctd pesuHok. [laee,
= (2—% cos 6)2 + (%sin 6)2,

H, Gepsa pasnoxenue B paj Teilsopa, Mel HallzieM, UTO
e=(a=3(1-5)) +(39) +oun

rze O (4) o6o3nauaer GyHKUHIO TOPsAKA 4. Ynpolilas, MoJydaeM
=160

(vb1 BRJOUHAH usenbl ¢ 0¢ B O (4)). CienosarenbHo,

e=o 430 40(4).

Ananoruubo
, 1 s
e = (S—l—?)——meg—l—o(‘l).
M, 3HAYHT,

10-3 (b (o) o (- o

B cuny semmbnl Mopca, npH onpejeseHHH JOKalbHOrO THIA
KPHTHUYECKOH TOUKH MBI MOXKeM npenebpeub uieHom O (4), ecnu
ko3(uuHenT npu 02 oTHueH oT HyasA. Ho kospduuuent npu
62 B HaueMm ciayuyae

eH, ec/aH L>——s @s—1)
NOJIOXKHTEJIEH, € 3 20@sL11) ’
1 s(2s—1)
OTpHLIATE/IEH, €CIH ? < 7'(—25—_’_—1)' .

Takum oﬁpasoM, H3MeHeHHE OT MHHHMYMa 3HEpPrHH K MakKcCH-
MyMY Hab/iofaeTcsl TaMm, The

_l___ s(2s—1)
37 2(@s4+1)°
HJIH
6s2—7s—2==0,
Pemienns 3Toro ypaBHEHHS TAKOBBI:
s T2V

12 '
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SACHO, 4TO P otBeuaer NOJIOKUTEJNIbHOMY 3Ha4eHHIO S, T. €.

7+ Yy 97
s=1EVIT 1.40.
12
AnajsioruyHoe paccyxJeHue ¢ 3aMeHol 0=0 Ha 8= no3BO-
JfeT ONpPeNesHTh NOJOKEeHHe BepXHero KJawoBa P’, mis Koro-
274 V489
20

poro moJsiyqaem S== ~2.46 (cM. [Tocron u Byakok [3]).

MoxHO onpefeHTh W TOJOXKEHHE IBYX OOKOBBIX KJIIOBOB, HO
aHaJH3 B 3TOM CJyuae CJOMKHee.

OTMeTHM POJb, KOTOPYIO HTPaeT YCTOHYHBOCTb MOPCOBCKUX
($YHKLUHH B ofecrieyeHHH TOTO, YTO 66AbLUYIO 4acmb BPEMEHH KO-
Jeco He npeiraer. Ilyctb V,, — QyHKuUMS 3HepruHd, oTBeuaio-
1as HOJI0XKEHHIO cBOOOAHOTO KOH1A B Touke (a, b). Ecaun ona
HMeeT B 0 MOPCOBCKHH MHHHMYM, TO MJIsi Touek (a’d’), nocra-
TouyHo 6au3kuX K (a, b), dyHkuMs Vasr HMEET MOPCOBCKHI
MHHHMYM B6aH3H oT 0.